Spatial competition within urban areas: hotelling and Bertrand reconciled by Baudewyns, Didier
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Lq wklv sdshu/ L dvvxph wkh h{lvwhqfh ri d glvwulexwlrq ri xuedq
dphqlwlhv kdylqj lwv pd{lpxp dw wkh flw| fhqwhu1 Wkhvh dphqlwlhv
duh ylhzhg dv d vxuurjdwh iru doo nlqgv ri rxwvlgh rssruwxqlwlhv wkdw
frqvxphuv hqfrxqwhu zlwklq xuedq duhdv1 Xvlqj wkh Krwhoolqj prgho/ L
vwxg| wkh lpsdfw ri wkhvh dphqlwlhv rq lqghshqghqw orfdwlrq dqg sulf0
lqj ghflvlrqv ri gxrsrolvwv1 Frqvxphuv sdwurql}h wkh ￿up zkhuh wkh
dprxqw ri dphqlwlhv lv odujhu/ fhwhulv sdulexv1 Li wklv ghpdqg h{whu0
qdolw| lv vwurqj dw wkh plgsrlqw wkhq plqlpxp gl￿huhqwldwlrq rffxuv
zlwkrxw prghudwlrq ri sulfh frpshwlwlrq/ lq frqwudvw wr pdlqvwuhdp
uhvxowv lq wkh olwhudwxuh1 Iru lqwhuphgldwh ydoxhv ri wkh udwlr ri wudqv0
sruwdwlrq frvw wr vsdwldo frqfhqwudwlrq ri dphqlwlhv/ ￿upv wdflwo| sod|
dq dv|pphwulf htxloleulxp zlwk rqh ￿up qhdu +ru dw, wkh plgsrlqw dqg
lwv ulydo dw d pruh vxexuedq orfdwlrq1 Wklv fdxvhv lqwud0xuedq lqhtxdo0
lwlhv vlqfh vrph frqvxphuv duh lqgxfhg wr sdwurql}h wkh ghfhqwudol}hg
pdunhwsodfh zkhuh wkh| hqfrxqwhu ohvv xuedq olih rssruwxqlwlhv1
Nh|zrugv= xuedq dphqlwlhv/ orfdwlrq0wkhq0sulfh htxloleulxp/ plq0
lpxp gl￿huhqwldwlrq/ dv|pphwulf htxloleuld1 +MHO= G76/ O44/ U65,1
￿Xqlyhuvlgdgh Qryd gh Olverd/ Idfxogdgh gh Hfrqrpld/ Wudyhvvd Hvw￿y￿r Slqwr +Fdp0
srolgh,/ S043<<0365/ OLVERD/ Sruwxjdo1 h0pdlo= gedxghz|Cih1xqo1sw
|L kdyh jdlqhg iurp glvfxvvlrqv zlwk Slhuuh0Sklolssh Frpehv/ Sklolssh Mhklho/ Odxuhqw
Olqqhphu/ Mdftxhv Wklvvh dqg \yhv ]hqrx1 L wkdqn vhplqdu sduwlflsdqwv dw HHD <</ Vdq0
wldjr gh Frpsrvwhod/ dqg dw wkh Jurxsh gh plfur0￿frqrplh vsdwldoh/ Rfwrehu 4<<</ Hfroh
ghv Srqwv1 L wkdqn Ehuqdug Fdloodxg/ Pdwkldv Ghzdwulsrqw/ Ylfwru Jlqvexujk/ Nkdolg
Vhnndw/ Nrqudg Vwdko dqg Dqrxn Ulylºuh iru wkhlu hqfrxudjhphqwv dqg wkhlu frpphqwv rq
d suhfhglqj vhw0xs1 Ilqdqfldo vxssruw iurp wkh Pdulh Fxulh Ihoorzvklsv2WPU frqwudfw
HUEIPELFW<;6344 ri wkh Hxurshdq Xqlrq lv judwhixoo| dfnqrzohgjhg1
44 Lqwurgxfwlrq
Wklv sdshu ghdov zlwk wkh orfdwlrq dqg sulflqj ghflvlrqv pdgh e| roljrsrolv0
wlf upv zlwklq xuedq duhdv1 Rxu vwduwlqj srlqw lv wkh idfw wkdw shrsoh riwhq
pdnh pxowlsxusrvh wulsv/ l1h1 wkh| pdnh wkhlu ghflvlrq wr ylvlw d sduwlfxodu
sodfh iru vhyhudo uhdvrqv vxfk dv wkh sxufkdvh ri ydulrxv sulydwh frpprgl0
wlhv/ wkh frqvxpswlrq ri d orfdo sxeolf jrrg +h1j1 pxvhxp/ sdun, dqg wkh
vrfldo lqwhudfwlrqv zlwk iulhqgv zkr kdsshq wr eh wkhuh14 Ehvlghv/ lw frxog
vlpso| eh pruh djuhhdeoh wr frqvxph vrph vshflf jrrgv ru vhuylfhv/ vxfk
dv uhvwdxudqwv/ lq vrph duhdv fkdudfwhul}hg e| klvwrulfdo dphqlwlhv zklfk duh
dhvwkhwlfdoo| sohdvlqj1 Lw lv hdv| wr wklqn ri pdq| qhljkerukrrgv lq fhqwudo
Sdulv +h1j1/ wkh Txduwlhu Odwlq/ Vw0Plfkho2Qrwuh0Gdph, ru hqwhuwdlqphqw glv0
wulfwv lq fhqwudo Orqgrq +h1j K|gh Sdun,1 Wkh sxusrvh ri wklv sdshu lv wr
frpelqh doo wkhvh idfwv lqwr wkh vsdwldo frpshwlwlrq vhwwlqj dqg wr lqyhvwljdwh
wkhlu lpsdfw rq roljrsrolvwlf upv* orfdwlrqv dqg sulfhv1
Qrwlfh e| wkh zd| wkdw lw kdv suryhq hvshfldoo| gl!fxow wr vroyh wkh
pxowlsxusrvh vkrsslqj sureohp/ dv vkrzq e| Hdwrq dqg Olsvh| +4<;5, dqg
Txlq}ll dqg Wklvvh +4<<3,1 Wklv lv rqh ri wkh uhdvrqv zk| zh xvh lq wklv
sdshu d vlpsolhg vkrsslqj prgho lq zklfk wkh vsdwldo glvwulexwlrq ri rwkhu
vkrsslqj dqg frqwdfw rssruwxqlwlhv lv jlyhq wr frqvxphuv dqg wr roljrsrolvwv1
Wr pdnh p|vhoi fohdu/ L zloo dvvxph wkh h{lvwhqfh ri xuedq dphqlwlhv wkdw
lqglylgxdov fdq mrlqwo| frqvxph dorqj zlwk wkh jrrg ru vhuylfh surgxfhg e|
rqh uhwdlohu lq gxrsro|1 Wkhvh dphqlwlhv duh wr eh ylhzhg dv d vxuurjdwh
iru wkh ydulrxv rxwvlgh rssruwxqlwlhv/ hfrqrplf/ fxowxudo dqg vrfldo/ wkdw
frqvxphuv hqfrxqwhu zlwklq xuedq duhdv1 Dv d uhvxow/ zkhq wkh| fkrrvh d
pdunhwsodfh wr ylvlw/ frqvxphuv dovr dffrxqw iru wkh txdqwlw| ri dphqlwlhv
dydlodeoh lq wkh ylflqlw| ri hlwkhu vwruhv1 Wklv lpsolhv wkdw wkh ghpdqg wr
dq roljrsrolvwlf up dw dq| orfdwlrq qrz ghshqgv rq wkh dphqlw| ghqvlw| ri
xuedq dphqlwlhv dw wkdw orfdwlrq1 Vlqfh wkhvh rqhv duh pruh frqfhqwudwhg
durxqg wkh flw| fhqwhudw ohdvw lq prvw Hxurshdq flwlhv5/ wklv zloo jlyh dq
lqfhqwlyh wr hdfk gxrsrolvw wr pryh wrzdug wkh xuedq fhqwhu1
Irupdoo|/ zh zloo dgg wklv fhqwulshwdo irufh wr wkh Krwhoolqj prghopruh
suhflvho| wr wkh yhuvlrq sursrvhg e| g*Dvsuhprqw hw do +4<:<,1 Wklv prgho
kdv ehhq lqwhqvlyho| xvhg lq wkh surgxfw glhuhqwldwlrq olwhudwxuh exw zdv ohvv
vxffhvvixo lq xuedq hfrqrplfv1 Zh dujxh wkdw wkh pdlq uhdvrq iru wklv idloxuh
4Iru d vxuyh| ri wklv olwhudwxuh/ vhh Wkloo dqg Wkrpdv/ 4<;:1
5Vhh Euxhfnqhu/ Wklvvh dqg ]hqrx +4<<;,1
5lv suhflvho| wkdw xuedq hfrqrplvwv kdyh xvhg wklv prgho zlwkrxw vxffhhglqj
wr fdswxuh wkh nlqg ri ghpdqg h{whuqdolwlhv ghvfulehg deryh16 Lq wklv uhvshfw/
zh krsh wr vkrz wkdw wkh Krwhoolqj prgho lv d qdwxudo iudphzrun wr dqdo|}h
vsdwldo vwudwhjlf lqwhudfwlrqv ri roljrsrolvwv/ hvshfldoo| zkhq wkh| rshudwh lq
dq xuedq vwuxfwxuh |lhoglqj ghpdqg h{whuqdolwlhv1
Rxu prgho lv uhodwhg wr wkuhh glhuhqw vwudqgv ri olwhudwxuh1 Iluvwo|/ Srolq0
vn| dqg Vkdyhoo +4<:9,/ Euxhfnqhu +4<:<,/ Euxhfnqhu0Wklvvh0]hqrx +4<<;,
kdyh dqdo|}hg wkh lpsdfw ri vsdwldo yduldwlrq lq wkh surylvlrq ri sxeolf dphql0
wlhv rq xuedq uhvlghqwldo orfdwlrq1 Lq wklv nlqg ri dssurdfk/ rqh jhqhudoo|
dvvxphv wkh h{lvwhqfh ri dphqlwlhv wkdw duh vprrwko| glvwulexwhg ryhu wkh
xuedq vsdfh1 Ehvlghv/ wkh hhfwv ri vsdwldo yduldwlrq lq wkh dprxqw ri dphql0
wlhv rq roljrsrolvwv* orfdwlrq ghflvlrqv duh vhogrp dqdo|}hg zlwk wkh h{fhswlrq
ri Wklvvh dqg Zlogdvlq +4<<5,1 Wkhvh dxwkruv kdyh dqdo|}hg wkh lpsdfw ri
wkh orfdwlrq ri d vlqjoh sxeolf idflolw| rq lqwhughshqghqw orfdwlrqdo fkrlfhv
ri upv dqg krxvhkrogv1 Wklvvh dqg Zlogdvlq +4<<5, kdyh vkrzq wkdw li wkh
sxeolf idflolw| lv fhqwudoo|0orfdwhg wkhq v|pphwulf htxloleuld hphujh/ udqjlqj
iurp wkh ixoo| djjorphudwhg rxwfrph +l1h1/ erwk upv dw wkh flw| fhqwhu, wr
wkh ixoo| glvshuvhg rxwfrph1 Rq wkh rwkhu kdqg/ li wkh sxeolf idflolw| lv vlw0
xdwhg forvh wr rqh hqg ri wkh flw| wkhq dq| htxloleulxp h{klelwv erwk upv
dw wkh plgsrlqw17 Dv frpsduhg zlwk Wklvvh dqg Zlogdvlq +4<<5,/ zh zdqw
wr uhod{ wkh {hg sulfh dvvxpswlrq ehfdxvh sulfh frpshwlwlrq lv d vwurqj
fhqwulixjdo irufh wkdw frxog ghvwur| wkh srvvlelolw| ri djjorphudwlrq1
Vhfrqgo|/ Vwdko +4<;:/ 4<<8, kdv vkrzq wkdw frqvxphuv* suhihuhqfh iru
ydulhw| dqg wkh h{lvwhqfh ri hfrqrplhv ri vfrsh lq mrlqwo| sxufkdvlqj pdq|
frpprglwlhv rq wkh vdph vlwh/ fdq lqgxfh uhwdlohuv wr djjorphudwh18 Wkh
prgho ri vsdwldo ghpdqg h{whuqdolwlhv ghyhorshg e| Vwdko +4<;:/ 4<<8, lv lq0
ghhg yhu| iuxlwixo exw lw kdv d pdmru uhvwulfwlrq zlwk uhvshfw wr rxu remhfwlyhv=
pdunhwsodfhv duh {hgwkdw lv/ orfdwlrq lv qrw d vwudwhjlf yduldeoh1
Zh zloo uhod{ wklv dvvxpswlrq e| uhihuulqj wr wkh wklug vwudqg ri olwhud0
wxuh = g*Dvsuhprqw hw do +4<:<, dqg lwv h{whqvlrqv1 G*Dvsuhprqw hw do kdyh
irupdol}hg orfdwlrq dqg sulflqj ghflvlrqv ri gxrsrolvwv dv d qrqfrrshudwlyh
6Dqrwkhu uhdvrq iru lw lv dovr wkdw frqglwlrqv iru wkh h{lvwhqfh ri dq htxloleulxp lq
sulfhv duh kdugo| phw +vhh Wklvvh dqg Zlogdvlq/ 4<<5/ irrwqrwh 5,1
7Wkh lghd lv wkdw wkhuh h{lvwv dq htxloleulxp rqo| li uhyhqxh lv vx!flhqwo| odujh/ wr vxfk
dq h{whqw wkdw wkh pdunhw duhd h￿hfw grplqdwhv wkh frqvxpswlrq h￿hfw1
8Vwdko +4<;:/ 4<<8, hvwdeolvkhv wkdw ghpdqgv iru wzr gl￿huhqw frpprglwlhv duh frp0
sohphqwdu| li wkh| duh vrog rq wkh vdph vlwh/ hyhq li wkhvh frpprglwlhv duh Pduvkdooldq
vxevwlwxwhv1
6g|qdplf jdph1 Wkh| kdyh vkrzq wkdw gxrsrolvwv whqg wr glhuhqwldwh wkhlu
orfdwlrqv lq rughu wr vriwhq sulfh frpshwlwlrq lq wkh odvw vwdjh ri wkh jdph1
Rwkhu dxwkruv kdyh wulhg wr uhvwruh wkh vr0fdoohg Sulqflsoh ri Plqlpxp Gli0
ihuhqwldwlrq1 Vrph kdyh dvvxphg wkdw jrrgv frqwdlq lqkhuhqw dwwulexwhv +vhh
gh Sdopd hw do/ 4<;8, ru xqrevhuydeoh dwwulexwhv +vhh Ukhh hw do/ 4<<5, vr
wkdw sulfh frpshwlwlrq fdq eh vx!flhqwo| uhod{hg1 Krzhyhu/ wklv dssurdfk
pryhv dzd| iurp wkh dvvxpswlrq wkdw wkh jrrg lv krprjhqrxv dv vxjjhvwhg
e| Krwhoolqj1 Mhklho +4<<5,/ dqg Iulhgpdq dqg Wklvvh +4<<6, kdyh dvvxphg
wkdw upv frooxgh rq sulfh wkurxjk sxqlvkphqw1 Wklv phfkdqlvp uhvwruhv
wkh plqlpxp glhuhqwldwlrq rxwfrph exw djdlq/ lw pryhv dzd| iurp wkh k|0
srwkhvlv wkdw upv pdnh wkhlu ghflvlrqv lqghshqghqwo|1 ]kdqj +4<<8, kdv
uhvwruhg wkh sulqflsoh ri plqlpxp glhuhqwldwlrq zlwklq d qrqfrrshudwlyh
orfdwlrq0wkhq0sulfh jdph e| dgglqj dq lqwhuphgldwh vwdjh ri sulfh pdwfklqj
srolf|1 Doo frpshwlwlrq iru pdunhw vkduhv lv wkhq wudqvihuuhg wr wkh ohdsiurj
orfdwlrq jdph zklfk hqgv xs zlwk d plqlpxp glhuhqwldwlrq ri orfdwlrqv1
Lq frqwudvw wr wkhvh pdlqvwuhdp uhvxowv/ Pdl dqg Shqj +4<<<, kdyh uh0
vwruhg wkh sulqflsoh ri plqlpxp glhuhqwldwlrq zlwkrxw uhod{lqj sulfh frp0
shwlwlrq1 Wkhvh dxwkruv lqwurgxfh dq hohphqw ri frrshudwlrq ehwzhhq upv
lq wkh irup ri lqirupdwlrq h{fkdqjh wkurxjk frppxqlfdwlrq +derxw U)G,
lqwr wkh orfdwlrq jdph1 Zkhq vsdwldo frppxqlfdwlrq h{whuqdolwlhv duh yhu|
odujh wkhq sulfh frpshwlwlrq lv uhohjdwhg wr d vhfrqgdu| hhfw wr vxfk dq
h{whqw wkdw djjorphudwlrq lv d pdunhw htxloleulxp1
\hw/ qr dwwhpsw kdv ehhq pdgh wr lqfrusrudwh vsdwldo ghpdqg h{whuqdol0
wlhv lqwr wkh Krwhoolqj prgho1 Zh zloo pdlqo| vkrz wkdw iru d kljk frqfhqwud0
wlrq ri xuedq dphqlwlhv qhdu wkh flw| fhqwhu/ dqg d jlyhq orz wudqvsruwdwlrq
frvw/ erwk upv fkrrvh wdflwo| wr orfdwh dw wkh fhqwudo vlwh1 Dv lq Pdl dqg
Shqj +4<<<,/ plqlpxp glhuhqwldwlrq rffxuv zlwkrxw dq| prghudwlrq ri sulfh
frpshwlwlrq1 Lqghhg/ vkrxog d gxrsrolvw fkrrvh d qrq0fhqwudo orfdwlrq/ kh +ru
vkh, zrxog idfh qr ghpdqg/ jlyhq wkdw klv +ru khu, ulydo lv vlwxdwhg lq wkh
fhqwudo duhd ri wkh flw|1 Wklv vwurqj vsdwldo ghpdqg h{whuqdolw| ohdgv hdfk
up wr fkrrvh lqghshqghqwo| wkh fhqwudo orfdwlrq lq wkh uvw vwdjh lq rughu
wr vhfxuh kdoi ri wkh pdunhw1 Lq wklv vhqvh/ e| dgglqj d pruh uhdolvwlf xuedq
vwuxfwxuh wr wkh dvvxpswlrqv vxjjhvwhg e| Krwhoolqj klpvhoi +krprjhqrxv
surgxfw/ qrqfrrshudwlyh orfdwlrq0wkhq0sulfh jdph,/ rxu sdshu uhfrqflohv wkh
Ehuwudqg rxwfrph dqg wkh sulqflsoh ri plqlpxp glhuhqwldwlrq lq wkh frqwh{w
ri xuedq ghpdqg h{whuqdolwlhv1
Dv rssrvhg wr Pdl dqg Shqj +4<<<,/ wkh surw ri hdfk up grhv qrw
lqfuhdvh zlwk vsdwldo sur{lplw| ehfdxvh/ rq erwk wkh frvw vlgh dqg wkh ghpdqg
7vlgh/ wkhuh lv qr h{whuqdolw|0olnh ehqhw iurp jdwkhulqj dw wkh vdph xuedq
vlwh1 Pruhryhu/ wkh fhqwulshwdo irufh +wkh ghpdqg h{whuqdolw|, prglhv qrw
rqo| wkh orfdwlrq jdph exw dovr wkh sulfh jdph vlqfh lw dhfwv srvlwlyho|
+qhjdwlyho|, wkh pdunxs ri wkh prvw fhqwudol}hg +ghfhqwudol}hg, up1
Lq frqwudvw/ lq flwlhv zkhuh wudqvsruwdwlrq frvw lv uhodwlyho| kljk dqg xuedq
olih ohvv ghqvhu/ wkhq wkh fodvvlfdo glvshuvlrq hhfw grplqdwhvwkdw lv erwk
roljrsrolvwv glhuhqwldwh wkhlu uhvshfwlyh +dv|pphwulf, orfdwlrqv lq rughu wr
uhod{ sulfh frpshwlwlrq1
Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv = vhfwlrq 5 suhvhqwv wkh
dvvxpswlrqv ri wkh prgho1 Vhfwlrq 6 vroyhv wkh prgho iru d glvwulexwlrq ri
dphqlwlhv kdylqj lwv pd{lpxp dw rqh hqg ri wkh flw|1 Lq vhfwlrq 7/ zh shuirup
wkh vroxwlrq ri wkh prgho zkhqhyhu wkh dphqlw| glvwulexwlrq lv wuldqjxodu/
v|pphwulf derxw wkh plgsrlqw1 Vhfwlrq 8 dqdo|}hv wkh rswlpdolw| ri orfdwlrqv
htxloleuld iurp wkh zhoiduh srlqw ri ylhz1 Vrph frqfoxglqj uhpdunv duh jlyhq
lq vhfwlrq 91
5W k h p r g h o
Rxu prgho iroorzv forvho| wkh dvvxpswlrqv ri g*Dvsuhprqw hw do +4<:<, khuh0
diwhu fdoohg wkh uhihuhqfh prgho1 Frqvxphuv duh xqlirupo| glvwulexwhg dorqj
d olqhdu flw| zlwk ohqjwk 4 dqg ehdu d txdgudwlf wudqvsruwdwlrq frvw1 Wkh
srsxodwlrq ri frqvxphuv lv qrupdol}hg wr rqh zlwkrxw orvv ri jhqhudolw|1 Dv
hpskdvl}hg lq wkh suhfhglqj vhfwlrq/ zh dvvxph wkh h{lvwhqfh ri dq h{rjh0
qrxv glvwulexwlrq ri xuedq dphqlwlhv= ohw sE% ghqrwh wkh dprxqw ri xuedq
dphqlwlhv dw orfdwlrq f  %  1 Wzr roljrsrolvwv ghqrwhg  ' c surgxfh
d krprjhqrxv jrrg ru vhuylfh dw uhvshfwlyh sulfhv R￿ zlwk dq lghqwlfdo xqlw
frvw wkdw lv qrupdol}hg wr f +vwdqgdug,1 Wkh jdph lv sod|hg lq wzr vwdjhv1 Lq
wkh uvw vwdjh erwk upv vlpxowdqhrxvo| fkrrvh wkhlu orfdwlrq/ uhvshfwlyho|
@  f dqg   K/z k h u hK  f dqg zlwkrxw orvv ri jhqhudolw|   K  @  f
+vhh jxuh 4,1 Wkh odvw vwdjh lv wkh vwdqgdug Ehuwudqg sulfh frpshwlwlrq1
Frqvxphuv ydoxh srvlwlyho| wkh ghqvlw| ri xuedq dphqlwlhv dydlodeoh lq wkh
ylflqlw| ri hlwkhu vwruhv1 Wkh lqgluhfw xwlolw| ri d frqvxphu orfdwhg dw % lv
jlyhq e|
L￿E%'  R￿  |E%  @
2 n sE@ +4,
li vkh vkrsv wr D dqg frqvxphv dphqlwlhv sE@/
L￿E%'  R￿  |E  K  %
2 n sE  K +5,
8li vkh vkrsv wr E dqg frqvxphv dphqlwlhv sE  K1 Wkh uhvhuydwlrq sulfh 
lv odujh hqrxjk wr hqvxuh wkdw hyhu| frqvxphu lv vhuyhg lq dq| htxloleulxp
+vwdqgdug,1 Wkh frqvxphu zkr lv lqglhuhqw ehwzhhq up D dqg up E
uhvlghv dw e % vxfk wkdw
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+6,
diwhu htxdoolqj +4, wr +5,1 Zh fdq wkhq zulwh wkh ghpdqg iru wkh surgxfw
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(￿E@cK(R￿cR ￿' (￿E@cK(R￿cR ￿ +8,
Qh{w/ uhvshfwlyh surwv duh dv iroorzv=
￿E@cK(R￿cR ￿'R￿(￿E@cK(R￿cR ￿  ' c +9,
Vxssrvh iru wkh prphqw wkdw hdfk up h{shfwv wkdw lw zloo idfh d srvlwlyh
ghpdqg dw glvshuvhg orfdwlrqv1 Wkhq/ iru {hg orfdwlrqv/ ohw ￿ER￿ ghqrwh
wkh ehvw uhvsrqvh ri up  wr d sulfh R￿ vhw e| lwv ulydo1 Iluvw0rughu frqglwlrqv
iru surw pd{lpl}dwlrq ohdg wr wkh iroorzlqj v|vwhp ri htxdwlrqv zklfk pxvw
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Dv pdlqo| rssrvhg wr wkh uhihuhqfh prgho/ iru vrph ydoxhv ri | uhodwlyho|
wr sE  K  sE@/ wkhvh sulfh ixqfwlrqv duh qrw ydolg vlqfh wkh| lpso| d
}hur0ghpdqg iru wkh prvw ghfhqwudol}hg up/ hyhq li wkh odwwhu up sulfhv dw
pdujlqdo frvw19
9Iru h{dpsoh/ lpdjlqh i+4 ￿ e, ￿ i+d, vr odujh wkdw e {?3 , GD @3hyhq li ￿up D
sulfhv dw pdujlqdo frvw1 Qrwlfh e| wkh zd| lq wklv h{dpsoh wkdw/ iru d @4￿ e/z hk d y h
GD @ 4
5/ l1h1/ ghpdqg ixqfwlrqv duh qrw +qhfhvvdulo|, frqwlqxrxv qhdu d @4￿ e1\ h w /w k h
orfdwlrq0wkhq0sulfh jdph uhpdlqv zhoo0ehkdyhg dv zh pdnh lw fohdu lq wkh qh{w vhfwlrqv1
9Lq wkh uhvw ri wkh sdshu/ zh zloo dvvxph wkdw wkh dphqlw| glvwulexwlrq
lv vxffhvvlyho| olqhdu/ vwulfwo| lqfuhdvlqj rq dfco +vhfwlrq 6,/ dqg wuldqjxodu
v|pphwulf derxw wkh plgsrlqw +vhfwlrq 7,1: Dffruglqjo|/ lq hdfk vhw0xs/
wkh prgho lv vroyhg lq vhyhudo vwdjhv/ hdfk ri wkhp fruuhvsrqglqj wr d fhuwdlq
udqjh ri wkh vorsh ri wkh dphqlw| glvwulexwlrq uhodwlyho| wr wkh wudqvsruwdwlrq
frvw sdudphwhu1 Iru qrq0olqhdu glvwulexwlrqv ri dphqlwlhv/ wkh orfdwlrq jdph
ehfrphv pruh lqwulfdwh dqg zh wklqn wkdw wkh pdlq frqfoxvlrqv zrxog uhpdlq
xqfkdqjhg1 \hw/ qrwlfh wkdw wkh sulfh jdph lv vroyhg lq wkh dsshqgl{ iru dq|
frqwlqxrxv glvwulexwlrq ri dphqlwlhv1 Doo wkh pdwkhpdwlfdo ghyhorsphqwv duh
uhohjdwhg lq wkh dsshqgl{/ vhfwlrq 431
6 Dv|pphwulf wuldqjxodu glvwulexwlrq ri dphql0
wlhv
Ohw xv uvw frqvlghu d wuldqjxodu dphqlw| glvwulexwlrq kdylqj lwv pd{lpxp




n_% ;% 5 dfcocf 	_	2 +<,
vr wkdw sE% : f iru dq| % 5 dfco dqg wkh wrwdo fxpxodwlyh glvwulexwlrq
ri dphqlwlhv lv qrupdol}hg wr 41; Rqh fdq wklqn ri d sruw flw| zkhuh wkh
dprxqw ri rxwvlgh rssruwxqlwlhv lv pd{lpxp dw wkh hdvw hqg/ qhdu wkh sruw1
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Wkh kljkhu lv wkh vorsh ri wkh dphqlw| glvwulexwlrq +_,/ wkh kljkhu wkh ghpdqg
wr up E lv/ ehfdxvh lw ehqhwv iurp d ehwwhu orfdo hqylurqphqw lq whupv ri
xuedq dphqlwlhv1 Iru h{srvlwlrqdo sxusrvhv/ ohw xv lqwurgxfh vrph ghqlwlrqv=
E zloo eh fdoohg wkh grplqdqw up ehfdxvh lw ehqhwv iurp pruh ghpdqg
h{whuqdolwlhv1 E| dqdorj| zlwk Wklvvh dqg Zlogdvlq +4<<5,/ zh zloo dovr vd|
:Wkh fdvh lq zklfk wkh dphqlw| glvwulexwlrq lv wzr0sduw olqhdu/ vwulfwo| ghfuhdvlqj rq
^3>3=8‘ dqg olqhdu/ vwulfwo| lqfuhdvlqj rq ^3=8>4‘ lv wulyldo vlqfh lw rqo| uhlqirufhv wkh vwudwhjlf
glvshuvlrq h￿hfw ri wkh uhihuhqfh prgho +vhh Wluroh/ 4<;;/ s1 5;4,= d @ e @3lq htxloleulxp1
;Wkh qrupdol}dwlrq lv vwurqjhu wkdq qhfhvvdu|1
:wkdw dq htxloleulxp lv ixoo| glvshuvhg li hdfk up orfdwhv dw rqh glhuhqw
hqg ri wkh olqh1 Wkh iroorzlqj sursrvlwlrq fkdudfwhul}hv doo sxuh0vwudwhj|







Iljxuh 4= Dv|pphwulf wuldqjxodu glvwulexwlrq ri xuedq dphqlwlhv
Sursrvlwlrq 4 Li wkh glvwulexwlrq ri dphqlwlhv lv olqhdu/ vwulfwo| lqfuhdvlqj
lq % rq dfco wkhq/ iru dq| |
_/ wkhuh h{lvwv d xqltxh vxejdph0shuihfw Qdvk
htxloleulxp lq zklfk wkh grplqdqw up orfdwhv dw wkh hdvw hqg ri wkh flw|=
KW 'f 1 Pruhryhu/
+l, li |
_  ￿
e wkhq up D dovr orfdwhv lwvhoi dw wkh hdvw hqg ri wkh olqh= @W '
+ixoo djjorphudwlrq,1 Htxloleulxp sulfhv dqg ghpdqgv duh dv iroorzv=
RW
￿ ' RW






_   wkhq wkh htxloleulxp lv sduwldoo| glvshuvhg= f 	@ W '
_
￿|  ￿
￿ 	 1D v|
_ $ ￿
e/ dowkrxjk up D jhwv forvhu wr up E/ lw dwwudfwv
ohvv dqg ohvv frqvxphuv = (W
￿ $ f1
+lll, li |
_ :  wkhq up D orfdwhv dw wkh zhvw hqg ri wkh flw|= @W 'f+ixoo
glvshuvlrq,1
Surri1 Lq wkh dsshqgl{/ vhfwlrqv ; dqg <1
Wkh grplqdqw up suhihuv wr orfdwh dw wkh uljkw hqg ri wkh olqh lq rughu wr
ehqhw iurp wkh ehvw orfdo hqylurqphqw zkloh up D*v orfdwlrq ghshqgv fux0
fldoo| rq wkh ydoxh ri wkh uhodwlyh wudqvsruwdwlrq frvw +|*_,1 Txlwh lqwxlwlyho|/
dv frpsduhg zlwk wkh uhihuhqfh prgho/ dvvxplqj wkh h{lvwhqfh ri vrph vwurqj
dphqlw| dgydqwdjh dw wkh uljkw hqg vlpso| uhlqirufhv wkh ghvluh ri up E wr
;orfdwh dw wkdw orfdwlrq1 Wkdw lv/ wkh vxp ri wkh ghpdqg h{whuqdolw| hhfw
dqg wkh vwdqgdug sulfh frpshwlwlrq hhfw grplqdwhv wkh pdunhw duhd hhfw
zklfk glfwdwhv upv wr orfdwh durxqg wkh plgsrlqw1 Wkh grplqdqw up kdv d
kljkhu pdunxs ryhu pdujlqdo frvw h{fhsw lq wkh ixoo djjorphudwlrq vlwxdwlrq
dffruglqj wr zklfk erwk upv sulfh dw pdujlqdo frvw1 Wkh lqwxlwlyh h{sodqd0
wlrq ri uhvxow +l, lv wkdw frqvxphuv kljko| ydoxh dphqlwlhv lq hdvwhuq duhdv wr
vxfk dq h{whqw wkdw doo wkh uhvlghqwv vlwxdwhg lq wkh klqwhuodqg ri D suhihu
wr ylvlw up E1 Wkdw lv wuxh hyhq li D orfdwhv lwvhoi lq d qhljkerukrrg forvh
wr E +vwloo rq wkh ohiw ri E, dqg uhgxfhv lwv sulfh wr xqlw frvw1< Vlqfh dq|
up fdq jxdudqwhh lwvhoi kdoi ri wkh pdunhw e| orfdwlqj dw wkh hdvw hqg ri wkh
flw|/ wklv orfdwlrq lv wkh rqo| rqh vxuylylqj lwhudwhg zhdn grplqdqfh +zh zloo
h{whqvlyho| frpphqw rq wkh srvvlelolw| ri ixoo djjorphudwlrq lq vxevhfwlrq
714 ehorz,1 Dv |
_ ulvhv/ up D edodqfhv wkh dgydqwdjhv ri vsdwldo lvrodwlrq
dqg wkrvh ri ehlqj forvhu wr wkh hdvw hqg e| fkrrvlqj dq lqwhuphgldwh or0
fdwlrq ^uhvxow +ll,`1 Ilqdoo|/ zkhqhyhu wkh glvwulexwlrq ri xuedq dphqlwlhv lv
uhodwlyho|  dw +orz _*|,/ sulfh frpshwlwlrq ehfrphv wkh vwurqjhvw irufh dv lq
wkh qr0dphqlw| prgho ^uhvxow +lll,`1
7 V|pphwulf wuldqjxodu glvwulexwlrq ri dphql0
wlhv
Dv hpskdvl}hg lq wkh uvw vhfwlrq/ iru Hxurshdq flwlhv/ lw lv pruh qdwxudo wr
k|srwkhvl}h wkdw wkh dprxqw ri xuedq dphqlwlhv lv pd{lpxp dw wkh fhqwhu ri
wkh jhrjudsklf vsdfh +h1j1 Sdulv,1 Wkhuhiruh/ vxssrvh wkdw wkh glvwulexwlrq















zkhuh f 	_	e/v rw k d wsE% : f dw dq| orfdwlrq dqg wkh wrwdo fxpxodwlyh
glvwulexwlrq ri dphqlwlhv lv qrupdol}hg wr 41 Ohw xv wkhq glvwlqjxlvk wzr
srvvleoh vlwxdwlrqv1 Iluvw/ dvvxph wkdw hdfk up orfdwhv rq hlwkhu vlghv ri
wkh flw| +@cK  ￿
2, 1 Wkhq/ wkh pdujlqdo frqvxphu uhvlghv dw wkh iroorzlqj
<Wkh lghd lv dovr wkdw E fdqqrw frpplw lwvhoi wr vhw d vx!flhqwo| kljk sulfh wkdw zrxog
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+45,
diwhu vxevwlwxwlqj +44, lqwr +6, dqg xvlqj sE  K'sEK iurp v|pphwu|1
Vhfrqg/ lpdjlqh wkdw rqh uph1j1/ up Elv vlwxdwhg ehwzhhq lwv ulydo
dqg wkh flw| fhqwhu= @	K  ￿
21 Wkhq/ soxjjlqj wkh dprxqwv ri dphqlwlhv
dw uhvshfwlyh orfdwlrqv lqwr +6,/ zh rewdlq h{dfwo| wkh vdph h{suhvvlrq dv
lq +43,143 Lw iroorzv lpphgldwho| wkdw wkh h{suhvvlrqv ri surw ixqfwlrqv
duh h{dfwo| lghqwlfdo wr wkrvh fdofxodwhg lq vhfwlrq 61 Dv frpsduhg zlwk
sursrvlwlrq 4/ wkh rqo| fkdqjh lv wkh wkuhvkrog ydoxh ri |
_ xqghu zklfk e % 'f
+vhh wkh qh{w vxevhfwlrq,1 Wkhuhiruh/
Uhvxow 4 Iru up E/ wkh plgsrlqw grplqdwhv dq| orfdwlrq lq wkh uvw kdoi
ri wkh olqh1
Pruh lqwxlwlyho|/ wkh qdwxuh ri vsdwldo frpshwlwlrq rq wkh ohiw vlgh ri wkh
flw| +vhh jxuh 5, lv wkh vdph dv wkh rqh ghslfwhg lq jxuh 41 Lqghhg/ dgg
wr wkh uhihuhqfh prgho d olqhdu glvwulexwlrq ri dphqlwlhv/ vwulfwo| lqfuhdvlqj
lq % rq dfcfDo1 Wklv dprxqwv wr jlyh up E dq dgglwlrqdo lqfhqwlyh wr pryh








Iljxuh 5= V|pphwulf wuldqjxodu glvwulexwlrq ri dphqlwlhv
43Lqghhg/ wkh dprxqw ri dphqlwlhv dw hdfk orfdwlrq lv +4￿ g
7,.gd dqg +4￿ g
7,.g+4￿e,
uhvshfwlyho|1 Dv frpsduhg zlwk wkh suhfhglqj vhfwlrq/ iru d?4 ￿ e ￿ 4
5/ wkh fkdqjh lq
wkh lqwhufhsw ri wkh dphqlw| glvwulexwlrq￿iurp +4￿g@5, wr +4 ￿g@7,￿kdv qr lpsdfw rq
wkh ghwhuplqdwlrq ri wkh pdujlqdo frqvxphu*v orfdwlrq1
43Frqvhtxhqwo|/ lw uhpdlqv wr vroyh wkh prgho iru dq| @cK  ￿
21 Revhuyh
lq +45, wkdw/ iru d {hg wudqvsruwdwlrq frvw/ wkh kljkhu lv wkh vorsh ri wkh
dphqlw| glvwulexwlrq/ wkh kljkhu lv wkh sursruwlrq ri frqvxphuv sdwurql}lqj
wkh prvw fhqwudol}hg up1 Ehfdxvh wkh dqdo|vlv lv pruh lqwulfdwh dv frp0
sduhg zlwk sursrvlwlrq 4/ zh zloo vsolw wkh suhvhqwdwlrq ri wkh uhvxowv lqwr
wkuhh vxevhfwlrqv= lq wkh iroorzlqj vxevhfwlrq/ zh frqvlghu yhu| orz ydoxhv ri
|*_= vxevhfwlrq 715 uhylvlw wkh sulqflsoh ri pd{lpxp glhuhqwldwlrq= qdoo|/
vxevhfwlrq 716 frpsohwhv wkh vroxwlrq ri wkh prgho e| frqvlghulqj doo wkh uh0
pdlqlqj lqwhuphgldwh ydoxhv ri |*_ iru zklfk erwk dv|pphwulf dqg v|pphwulf
htxloleuld hphujh1
714 Kljko|0fhqwudol}hg xuedq dphqlwlhv= uhvwrulqj wkh
sulqflsoh ri plqlpxp glhuhqwldwlrq
Ohw xv frqvlghu d flw| fkdudfwhul}hg e| d kljk frqfhqwudwlrq ri xuedq dphql0
wlhv lq fhqwudo duhdv dqg d orz wudqvsruwdwlrq frvw sdudphwhu/ l1h1 d flw| zlwk
do r z|*_1I r u|
_ 	 ￿
￿/ ohppd 6 lq wkh dsshqgl{ vkrzv wkdw li up D lv gh0
fhqwudol}hg zkloh lwv frpshwlwru lv dw wkh flw| fhqwhu/ wkhq wkh iruphu jhwv qr
ghpdqg iru lwv surgxfw lq dq| htxloleulxp ri wkh odvw vwdjh1 Wkh h{sodqdwlrq
lv vlplodu wr wkh rqh jlyhq lq vhfwlrq 6= wkh uhodwlyh wudqvsruwdwlrq frvw lv vr
zhdn wkdw doo wkh uhvlghqwv lq wkh klqwhuodqg ri D ylvlw up E zklfk lv dw wkh
pdlq xuedq vlwh1 Wkdw lv wuxh hyhq li up D orfdwhv lwvhoi lq d xuedq qhljk0
erukrrg forvh wr wkh fhqwhu +vwloo @	￿
2, dqg uhgxfhv lwv sulfh wr xqlw frvw1
Iru |
_ 	 ￿
￿/ rqh dovr suryhv wkdw dq| up wkdw lv forvhu wr wkh fhqwhu lv lqflwhg
wr uhorfdwh h{dfwo| dw ￿
2 lq rughu wr ehqhw iurp wkh ehvw orfdo hqylurqphqw1
Khqfh/
Sursrvlwlrq 5 Iru d v|pphwulf wuldqjxodu glvwulexwlrq ri dphqlwlhv dqg
d yhu| orz uhodwlyh wudqvsruwdwlrq frvw/ wkh xqltxh VSH +vxuylylqj LZG,

















Surri1 Lq wkh dsshqgl{/ vxevhfwlrqv 4314 dqg 43151
Lq rwkhu zrugv/ wkhuh h{lvwv d xqltxh htxloleulxp lq zklfk plqlpxp gli0
ihuhqwldwlrq rffxuv zlwk wkh Ehuwudqg uhvxow1 Lq uhdo0zruog flwlhv/ surgxfwv
44duh voljkwo| glhuhqwldwhg dqg d up olnh D h{shfwv d vpdoo srvlwlyh pdunxs
srvvleo| 0 lqqlwho| vpdooe| fkrrvlqj wkh fhqwudo orfdwlrq/ zkhuhdv lwv surw
lv }hur iru vxuh dw dq| qrq0fhqwudo orfdwlrq1 Wkh fhqwudo orfdwlrq lv wkhq d
vwulfwo| grplqdqw vwudwhj|1 Lq wklv vhqvh/ d voljkw surgxfw glhuhqwldwlrq uhlq0
irufhv wkh sursrvlwlrq deryh1 Iru kljko|0fhqwudol}hg dphqlwlhv/ wkh nh| ri wkh
sulqflsoh ri plqlpxp glhuhqwldwlrq lv qrw d prghudwlrq ri sulfh frpshwlwlrq1
Lw lv wkh ghvluh ri frqvxphuv wr kdyh dffhvv wr wkh ehvw orfdo hqylurqphqw lq
wkh pdlq flw| fhqwhu wr vxfk dq h{whqw wkdw qr frqvxphu zrxog sdwurql}h
d qrq0fhqwudoo| orfdwhg gxrsrolvw +jlyhq wkdw lwv ulydo kdv fkrvhq wkh flw|
fhqwhu,1
Iru h{dpsoh/ lq prvw Hxurshdq flwlhv PfGrqdog*v lv vkdulqj wkh idvw
irrg uhvwdxudqwv pdunhw zlwk dqrwkhu frpshwlwru +h1j1 Txlfn lq Ehojlxp
dqg Iudqfh, vlwxdwhg lq jhqhudo qh{w grru144 Surgxfwv duh doprvw krprjh0
qhrxv/ sulfh frpshwlwlrq lv wrxjk dqg/ jhqhudoo|/ erwk upv fkrrvh wkh vdph
orfdwlrq1 Lq plggoh0vl}hg Ehojldq flwlhv/ wkh orfdwlrqdo fkrlfhv ri wkh gxrsro|
lqyroyhv wzr frpshwlqj xqlwv lq wkh vdph fhqwudo qhljkerukrrg +h1j1/ Euxjhv/
Fkduohurl/ Qdpxu,1 Wklv lv dovr wkh fdvh lq fhqwudo duhdv ri Sdulv= iru h{dp0
soh dw ohv Kdoohv ru dw Ox{hperxuj2Sdqwkìrq/ PfGrqdog*v lv wkh qh{w0grru
qhljkeru ri Txlfn1 Lq Euxvvhov/ erwk upv duh h{dfwo| dw wkh hqg ri Fkdxvvìh
g*L{hoohv zklfk fdq eh ylhzhg dv dq h{dpsoh ri wkh vr0fdoohg Krwhoolqj pdlq0
vwuhhw1 Djdlq/ zh dujxh wkdw wkh uhdvrq iru wklv sdwwhuq ri orfdwlrqv lv qrw
d prghudwlrq ri sulfh frpshwlwlrq wkurxjk surgxfw glhuhqwldwlrqzklfk lv
yhu| orz lq wkdw lqgxvwu|1 Lw lv wkh dwwudfwlyh irufh h{huflvhg e| wkh frq0
fhqwudwlrq ri pdq| rwkhu rxwvlgh dowhuqdwlyhv/ hfrqrplf/ vrfldo/ fxowxudo lq
fhqwudo orfdwlrqvzkdw zh kdyh fdoohg xuedq dphqlwlhv145
715 Uhodwlyho|0 dw glvwulexwlrq ri dphqlwlhv= uhylvlwlqj
wkh sulqflsoh ri pd{lpxp glhuhqwldwlrq
Frqvlghu qrz d flw| lq zklfk wkh wudqvsruwdwlrq frvw lv kljk uhodwlyho| wr wkh
frqfhqwudwlrq ri xuedq dphqlwlhv +orz _*|,1 Lq vxfk d fdvh/ fhqwudo orfdwlrqv
44Wklv zdv dw ohdvw wkh sdwwhuq ri orfdwlrq lq Ehojlxp gxulqj wkh h{sdqvlrq vwdjh ri
wkh kdpexujhu uhvwdxudqwv vhfwru ehwzhhq 4<:: dqg 4<;61+vhh Yodvvhqeurhfn +4<<8, iru d
ghwdlohg hpslulfdo dqdo|vlv,1 Lq 4<;6/ iurp wkh 67 xqlwv￿Txlfn ru PfGrqdog*v￿h{lvwlqj
lq wklv frxqwu|/ 56 zhuh dw wkh pdlq fhqwudo frpphufldo vlwh1
45Iru h{dpsoh/ lq wkh qhljkerukrrg ri Ox{hperxuj2Vruerqqh/ wkhuh lv d foxvwhu ri prylh
wkhdwhuv/ wkh sdun Mduglqv gh Ox{hperxuj/ rwkhu fxowxudo dphqlwlhv vxfk dv pxvhxpv dqg
vr rq1
45duh pxfk ohvv dwwudfwlyh dqg zh fdq h{shfw d kljk glhuhqwldwlrq ri orfdwlrqv1
Lq sduwlfxodu/ uhfdoo wkdw dv _ $ f rxu vhw0xs whqgv wr wkh uhihuhqfh prgho ri
g*Dvsuhprqw hw do +4<:<,1 Frqvhtxhqwo|/ lw vkrxog h{lvw d wkuhvkrog ydoxh ri
|*_ deryh zklfk erwk upv glhuhqwldwh pd{lpdoo| wkhlu orfdwlrqv1 Wklv lv
irupdoo| hvwdeolvkhg lq wkh iroorzlqj uhvxow1
Sursrvlwlrq 6 Li wkh v|pphwulf wuldqjxodu glvwulexwlrq ri xuedq dphqlwlhv
lv  dw uhodwlyho| wr wkh wudqvsruwdwlrq frvw/ wkhq wkh xqltxh VSH h{klelwv d
kljk +ru hyhq d pd{lpxp, glhuhqwldwlrq ri orfdwlrqv=
+l, |
_  2 , @W ' KW 'f
+ll, e
￿ 	 |
_ 	 2 , f 	@ W ' KW 	 ￿
H 'f 2D
Surri1 Lq wkh dsshqgl{/ vxevhfwlrq 4316/ vxevhfwlrq 4317/ 4318 dqg ohppd
91
Lq uhvxow +l,/ zkhq wkh lpsdfw ri dphqlwlhv lv yhu| zhdn wkhq sulfh frp0
shwlwlrq lv wkh vwurqjhvw irufh dv lq wkh qr0dphqlw| fdvh1 Xqghu surgxfw
krprjhqhlw|/ erwk upv orfdwh dv idu iurp hdfk rwkhu dv srvvleoh lq rughu wr
vriwhq sulfh frpshwlwlrq1 Grlqj vr/ rxu gxrsrolvwv htxdoo| vkduh wkh pdunhw
dqg ehqhw iurp wkh prqrsro| srzhu uhvxowlqj iurp vsdwldo lvrodwlrq1 Wklv
hhfw grplqdwhv wkh vxp ri wkh vwdqgdug pdunhw duhd hhfwzklfk glfwdwhv
upv wr orfdwh qhdu wkh fhqwhu ri wkh glvwulexwlrq ri frqvxphuvdqg wkh vsd0
wldo ghpdqg h{whuqdolwlhv hhfw dulvlqj iurp wkh h{lvwhqfh ri xuedq dphqlwlhv1
Lq uhvxow +l,/ wkh htxloleulxp ohyhov ri sulfh dqg surw duh h{dfwo| wkh vdph dv
lq wkh uhihuhqfh prgho +vhh wkh dsshqgl{,1 Lq htxloleulxp +ll,/ wkh glhuhqwl0
dwlrq lv qrw pd{lpxp vlqfh hdfk up wdflwo| fkrrvhv dq lqvlgh +v|pphwulf,
vxexuedq orfdwlrq/ qrw wrr idu iurp wkh hqgsrlqwv/ l1h1/ lq wkh uvw dqg vhy0
hqwk hljkwk ri wkh olqh uhvshfwlyho|146 Sulfh frpshwlwlrq lv vwloo hufh exw
upv fkrrvh wr ehqhw iurp vrph xuedq dphqlwlhv qhdu uhvshfwlyh erughuv1
716 Lqwhuphgldwh ydoxhv ri |*_ = dv|pphwulf eorr v|p0
phwulf glhuhqwldwlrq
Lq zkdw iroorzv/ zh vkrz wkdw iru lqwhuphgldwh ydoxhv ri wkh uhodwlyh wudqv0
sruwdwlrq frvw +￿
￿ 	| * _ e
￿,/ upv glhuhqwldwh pruh ru ohvv wkhlu orfdwlrqv/
46Lqwhuhvwlqjo| hqrxjk/ Qhyhq +4<;9, rewdlqv wkh vdph sdwwhuq ri orfdwlrqv e| frqvlg0
hulqj qrqxqlirup glvwulexwlrqv ri frqvxphuv lq wkh qr0dphqlw| uhihuhqfh prgho1
46srvvleo| lq dq dv|pphwulf zd|1 Zh fdoo lqwhulru ru lqvlgh orfdwlrq dq| orfd0
wlrq rxwvlgh wkh erughuv dqg rxwvlgh wkh flw| fhqwhu dv zhoo +h1j1 f 	@	￿
2,1
Vroylqj wkh odvw fdvh uhtxluhv wr frqvlghu 6 w|shv ri fdqglgdwhv iru dq htxl0
oleulxp=
+4, lqvlgh v|pphwulf vroxwlrqv ri wkh v|vwhp ri uvw0rughu frqglwlrqv Ef 	
@ ' K	￿
2
+5, dv|pphwulf sdwwhuq ri orfdwlrqv zlwk rqh up dw wkh plgsrlqw zkhuhdv
lwv ulydo orfdwhv dw d pruh vxexuedq vlwh +srvvleo| dw rqh hqg,
+6, dv|pphwulf fdqglgdwhv zlwk rqh up wkdw lv erxqg e| rqh hqg ri wkh
olqh +@ 'fru K 'f ,1
Dq| dv|pphwulf htxloleulxp qhfhvvdulo| frh{lvwv zlwk lwv v|pphwulf
wkdw rqh vlpso| rewdlqv e| lqwhufkdqjlqj @ dqg K/ dqg h{fkdqjlqj D zlwk E1
Iru h{srvlwlrqdo sxusrvh/ rqh rqo| suhvhqwv dv|pphwulf htxloleuld lq zklfk E
lv wkh grplqdqw up dqg rqh surfhhgv lq d vhulhv ri wzr sursrvlwlrqv ehorz1
Sursrvlwlrq 7 Iru fD 	 |
_ 	 e
￿/ erwk v|pphwulf dqg dv|pphwulf VSH
frh{lvw = lq wkh odwwhu w|sh ri htxloleulxp/ rqh up orfdwhv dw rqh hqg ri
wkh olqhdu flw| +@W 'f , zkloh lwv ulydo= +l, hlwkhu orfdwhv dw wkh fhqwhu/ l1h1/
E@WcK W'E f c ￿
2 +ll, ru ghsduwv iurp wkh fhqwhu dv wkh uhodwlyh wudqvsruwdwlrq
frvw ulvhv + |
_ : bHe,1
Surri1 lq wkh dsshqgl{/ ohppd 8/ ohppd :/ dqg vxevhfwlrq 431:1
Hdfk uhwdlohu zrxog olnh wr eh wkh fhqwudol}hg +grplqdqw, up lq dq dv|p0
phwulf vlwxdwlrq lq rughu wr ehqhw iurp wkh ehvw orfdo hqylurqphqw147 Eh0
vlghv/ xvlqj d wuhpeolqj kdqg dujxphqw rqh fdq uhdvrqdeo| vhohfw dv|p0
phwulf htxloleuld1 Lqghhg/ revhuyh lq jxuh 6/ wkdw iru dq| vpdoo ghyldwlrq
iurp wkh {hg srlqw/ wkh pluuru jdph ri ehvw uhvsrqvhv glyhujhv wr rqh ri
wkh d{lv +@ 'fru K 'f ,1 Lq wklv vhqvh/ dv|pphwulf htxloleuld duh orfdoo|
pruh vwdeoh wr dq| dfflghqwdo ghyldwlrq ru vpdoo plvwdnhv1
Wxuqlqj qrz wr wkh odvw fdvh/ dqg uhfdoolqj sursrvlwlrq 5/ rqh h{shfwv
txlwh lqwxlwlyho| d zhdn glhuhqwldwlrq ri orfdwlrqv iru |
_ forvh wr ￿
￿=w k l vl v
irupdoo| vkrzq lq wkh iroorzlqj uhvxow1
47Irupdoo|/ ohw ￿V wkh frpprq ydoxh ri wkh sur￿w lq dq| v|pphwulf htxloleuld dqg ￿QV
D
+uhshfwlyho| ￿QV
E , ￿up D*v sur￿w +uhvshfwlyho| ￿up E*v sur￿w, lq dv|pphwulf htxloleuld1
Rqh fdq vkrz wkdw= ￿QV




















Iljxuh 6= Ehvw0uhso| ixqfwlrqv lq wkh orfdwlrq jdph +fD 	| * _	bH.D,
Sursrvlwlrq 8 +Xqltxh dv|pphwulf rxwfrph,1 Iru ￿
￿ 	 |
_  fD/w k h
xqltxh rxwfrph ri wkh orfdwlrq0wkhq0sulfh jdph lv dq dv|pphwulf glhuhq0
wldwlrq ri orfdwlrqv= rqh up lv dw wkh fhqwhu zkhuhdv lwv ulydo lv pruh dqg
pruh ghfhqwudol}hg dv wkh uhodwlyh frvw ri wudqvsruwdwlrq ulvhv1 Iru |
_  2
￿/w k h
odwwhu orfdwhv dw rqh hqg ri wkh olqh= E@WcK W'E f c ￿
21
Surri1 Lq wkh dsshqgl{/ ohppd ; dqg ohppd <1
Djdlq/ hdfk up zrxog olnh wr eh wkh rqh vlwxdwhg dw wkh plgsrlqw zkhuh
wkh vsdwldo glvwulexwlrq ri dphqlwlhv lv pd{lpxp1 Dv frpsduhg zlwk wkh
plqlpxp glhuhqwldwlrq rxwfrph/ wkh odwwhu sursrvlwlrq vkrzv wkdw rqh up
lv qrz sxvkhg wrzdug d pruh vxexuedq orfdwlrq zkloh lwv ulydo vwd|v dw wkh
fhqwudo vlwh lq rughu wr ehqhw iurp wkh ehvw orfdo hqylurqphqw1 Wkh lqwxlwlyh
h{sodqdwlrq iru wkh qrq0h{lvwhqfh ri d v|pphwulf htxloleulxp lv wkh iroorzlqj=
iru dq| jlyhq v|pphwulf orfdwlrq @ ' K	￿
2/ hdfk up lv lqflwhg wr uhorfdwh
h{dfwo| dw wkh plgsrlqw ehfdxvh wkh srvlwlyh dphqlw| hhfw grplqdwhv wkh orvv
uhvxowlqj iurp d hufhu sulfh frpshwlwlrq1 Dffruglqjo|/rqo| dq dv|pphwulf
vlwxdwlrq hphujhv dv d vwdeoh rxwfrph1
Doo wkh sxuh0vwudwhj| htxloleuld lq orfdwlrqv duh suhvhqwhg lq wdeoh 41 Kdy0
lqj vhohfwhg dv|pphwulf htxloleuld/ revhuyh wkdw zh jr iurp d v|pphwulf wr
dq dv|pphwulf sdwwhuq ri orfdwlrqv dv |
_ ghfuhdvhv qhdu e
￿1D o w k r x j k w k h u h
lv d mxps lq wkh vsdwldo ehkdylru ri hdfk up +iurp 31458 wr 3 dqg iurp
31458 wr 3158 uhvshfwlyho|,/ wkh uhvxowv duh zhoo frqwlqxrxv lq whupv ri vsdwldo
glhuhqwldwlrq 48= E  KW  @W * f.D qhdu |
_ ' e
￿1 W k l vl vl o o x v w u d w h gl q
48Iru dq| w
g ) 7
6 zh kdyh d￿ @ e￿ 1 3=458/ zkhuhdv iru w
g 1 7
6= d￿ @3 >e ￿ ) 3=581
48 j x u h5z k h u hz hk d y hu h y h u v h gw k hu r o h vr iDd q gE 1L q w x l w l y h o | /d vw k hu h o d 0
wlyh wudqvsruwdwlrq frvw ghfuhdvhv/ ghpdqg h{whuqdolwlhv ehfrph wkh vwurqjhu
irufh iru up D zkloh up E fkrrvhv wr nhhs lwv glvwdqfh lq rughu wr vriwhq
sulfh frpshwlwlrq1 Qrwh dovr wkdw iru qhdu |
_  bHe/ wkh grplqdqw up
mxpsv iurp fDe2 +' feDH, wr wkh plgsrlqw +up D vwd|lqj dw rqh hqg
ri wkh flw|,1 Djdlq/ wklv looxvwudwhv wkh dwwudfwlyh irufh ri xuedq dphqlwlhv dw
wkh flw| fhqwhu1
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e 	 f2D 0
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Wdeoh 4= doo htxloleulxp orfdwlrqv +v|pphwulf wuldqjxodu dphqlw|
glvwulexwlrq,
Iurp wdeoh 4/ rqh fdq dovr vxppdul}h doo wkh uhvxowv ri wkh v|pphwulf vhw0
xs dv iroorzv +vhh dovr jxuh < dw wkh hqg ri wkh dsshqgl{,1 Dv |*_ ghfuhdvhv
zh jr iurp d v|pphwulf wr dq dv|pphwulf kljk glhuhqwldwlrq ri orfdwlrqv
zlwk wkh grplqdqw up orfdwlqj lq wkh wklug txduwhu ri wkh flw| zkhuhdv lwv
ulydo lv sxvkhg wr wkh rssrvlwh erughu ri wkh flw|1 Ehorz d fhuwdlq ohyho ri
wkh uhodwlyh wudqvsruwdwlrq frvw/ wkh grplqdqw up orfdwhv dw wkh plgsrlqw
zkloh lwv ulydo vwd|v rq lwv erughu1D v|*_ ixuwkhu ghfuhdvhv/ wkh odwwhu qgv d
frpsurplvh ehwzhhq wkh ehqhwv ri vsdwldo lvrodwlrq dqg wkh srvlwlyh hhfwv
ri dphqlwlhv e| ghsduwlqj iurp wkh rxwhuprvw duhd wr orfdwh lqvlgh wkh uvw
kdoi ri wkh olqh1 Ilqdoo|/ zkhqhyhu |*_ lv yhu| orz/ lw phhwv wkh grplqdqw up
dw wkh pdlq xuedq fhqwhu zkhuh lw grhv qrw hduq vxsudqrupdo surwv exw lv
deoh wr dwwudfw d vxevwdqwldo vkduh ri wkh pdunhw1
Wkh h{lvwhqfh ri dv|pphwulf htxloleuld lv rqh ri wkh prvw vwulnlqj uhvxowv
ri wklv sdshu vlqfh/ hyhq wkrxjk wkh vhw0xs lv shuihfwo| v|pphwulf/w k hh { 0
lvwhqfh ri fhqwudol}hg dphqlwlhv jhqhudwhv dv|pphwulf upv* orfdwlrqv dqg
frqvhtxhqwo| fdxvhv lqwud0xuedq lqhtxdolwlhv1 Iru h{dpsoh/ iru |
_ ' ￿
2c rqh
fdofxodwhv E@WcK W'E ￿
Sc ￿
2 dqg (W
￿ * fc( W
￿ * fHb1 Lq rwkhu zrugv/ qrw
hyhu|rqh kdv dffhvv wr wkh vdph dprxqw ri xuedq dphqlwlhv1 Lq sduwlfxodu/
frqvxphuv rq wkh uljkw vlgh ri wkh flw|soxv wkrvh vlwxdwhg ehwzhhq f dqg
49fDzkhq vkrsslqj wr wkh fhqwudol}hg up/ fdq frqvxph lq rqh vlqjoh wuls d
odujh dprxqw ri ghqvho| orfdwhg xuedq dphqlwlhv +h1j1 sxeolf vhuylfhv,1 Wklv
lv reylrxvo| qrw wkh fdvh iru I ri wkh srsxodwlrq uhvlglqj lq wkh zhvwhuq
iulqjh duhd1 +Qrwlfh dovr wkh idfw wkdw vrph frqvxphuv lq wkh forvh klqwhuodqg
ri D suhihu wr vkrs wr up E dw wkh flw| fhqwhu= e % 'f  	@ W ' ￿
S,1
Wklv dovr eulqjv xv wr wkh txhvwlrq ri wkh lpsdfw ri d fkdqjh lq wkh uho0
dwlyh wudqvsruwdwlrq frvw + |
_, rq vrfldo zhoiduh wkurxjk srvvleoh uhorfdwlrq
ghflvlrqv ri upv1 Wzr glhuhqw nlqgv ri sxeolf srolflhv fdq uhvxow lq d
ghfuhdvh ri |
_= hlwkhu/ wkh flw| sodqqhu ghflghv wr frqfhqwudwh pruh dphql0
wlhv lq fhqwudo duhdv/ ru kh +ru vkh, dlpv wr orzhu shu xqlw wudqvsruwdwlrq
frvwv1 Lw iroorzv wkdw xuedq srolflhv dlplqj wr ghfuhdvh wkh wudqvsruwdwlrq
frvwdowkrxjk zhoiduh lpsurylqj +vhh wkh qh{w vhfwlrq,frxog lq idfw/ dv
lq hfrqrplf jhrjudsk|/ lqgxfh pruh vsdwldo lqhtxdolwlhv wkurxjk shuqlflrxv
uhorfdwlrq ri upv149 Frqvlghu lqghhg wkh uvw kdoi0vhjphqw dqg d frqvxphu
forvh wr wkh flw| fhqwhu1 Iru |
_ ' e/ upv duh v|pphwulfdoo| orfdwhg derxw
wkh fhqwhu= @ ' K  f2e1 Frqvlghu dovr wkh frqvxphu uhvlglqj dw % 'f 2D1
Fohduo|/ erwk frqvxphuv sdwurql}h up D1 Qrz/ lpdjlqh wkdw wkh flw| sodq0
qhu ghflghv wr h{sdqg wkh wrwdo fdsdflw| ri wkh xuedq wudqvsruwdwlrq v|vwhp/
vr wkdw wkh uhodwlyh wudqvsruwdwlrq frvw lv uhgxfhg wr |
_ ' 1W k h q /l qh t x l 0
o l e u l x p / u pEu h o r f d w h vd ww k hf l w |f h q w h uz k h u h d v u pDl vs x v k h gw r z d u g v
wkh ohiw erughu1 Wkh fhqwudoo|0orfdwhg frqvxphu qrz reylrxvo| sdwurql}hv
up E zkloh rxu frqvxphu vlwxdwhg dw % 'f 2D ylvlwv wkh rxwhuprvw frp0
phufldo vlwh1 Fohduo|/ wkh iruphu ehqhwv iurp pruh xuedq olih rssruwxqlwlhv
lqfxuulqj d vpdoohu wudyho frvw zkloh wkh vlwxdwlrq ehfrphv frqyhuvho| zruvh
iru wkh odwwhu1
8 Zhoiduh dqdo|vlv
Lq wkh uhihuhqfh prgho/ wkh fhqwudo sodqqhu fkrrvhv @ ' ￿
e dqg   K ' ￿
e dv
vrfldoo| rswlpdo orfdwlrqv1 Wkhvh orfdwlrqv plqlpl}h wkh frqvxphuv* dyhudjh
wudqvsruwdwlrq frvw vlqfh iru lqhodvwlf djjuhjdwh ghpdqgv/ sulflqj ghflvlrqv
gr qrw dhfw wkh wrwdo zhoiduh14: Ohw xv uhvwulfw rxuvhoyhv wr wkh v|pphwulf
dphqlw| glvwulexwlrq fdvh dqg ohw A ghqrwh wkh vrfldo wudqvsruwdwlrq frvw
49Lq d +vklsslqj, prgho ªo dKrwhoolqj/ Frpehv dqg Olqqhphu +5333, dovr rewdlq dv|p0
phwulf uhvxowv zkhq dqdo|}lqj wkh h￿hfwv ri d qhz wudqvsruwdwlrq lqiudvwxfwxuh +l1h1 wzr
v|pphwulfdoo|0orfdwhg dlusruwv, rq ￿upv orfdwlrq1
4:Vhh Wluroh/ s1 5;51
4:lqfxuuhg e| wkh srsxodwlrq ri frqvxphuv dv d zkroh14; Ohw dovr ` ghqrwh
wkh wrwdo zhoiduh ghqhg dv wkh vxp ri upv* surwv dqg frqvxphuv vxusoxv1
Diwhu vrph pdqlsxodwlrqv/ dqg e| v|pphwu| ri wkh dphqlw| glvwulexwlrq/ zh
rewdlq=






sEK _%  A +46,
Wkh wrwdo zhoiduh lv wkxv vlpso| wkh vxp ri wkh uhvhuydwlrq sulfh dqg wkh wrwdo
ydoxh ri dphqlwlhv frqvxphg dw uhvshfwlyh frpphufldo vlwhv qhw ri wkh vrfldo
wudqvsruwdwlrq frvw14<
Zkdw lv wkh lpsdfw ri wkh h{lvwhqfh ri vrph +v|pphwulf, glvwulexwlrq ri
dphqlwlhv rq wkh sdwwhuq ri orfdwlrqv fkrvhq e| d flw| sodqqhu B Lqwxlwlyho|/
wkh orzhu lv |*_/ wkh pruh fhqwudol}hg orfdwlrqv vkrxog eh dv frpsduhg zlwk
wkh diruhphqwlrqhg uhvxowv ri wkh qr0dphqlw| prgho1 Rqh fdq wkxv h{shfw
erwk upv lq wkh vhfrqg dqg wklug txduwhu ri wkh olqhdu flw|1 Wklv lv irupdoo|
hvwdeolvkhg lq wkh iroorzlqj uhvxow153
Sursrvlwlrq 9 Dv |*_ ghfuhdvhv/ wkh v|pphwulf orfdwlrqv fkrvhq e| d flw|
sodqqhu duh pruh dqg pruh fhqwudol}hg/ lq wkh vhfrqg dqg wklug txduwhu ri wkh
olqh uhvshfwlyho|=
e @ 'e K ' ￿
2
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Surri1 Lq wkh dsshqgl{/ vxevhfwlrq 431;1
Iru h{dpsoh/ iru | '2 _/ wkh vrfldoo|0rswlpdo rxwfrph vkrxog eh erwk
upv dw wkh fhqwhu zkhuhdv/ lq d odlvvh}0idluh zruog/ upv pd{lpdoo| gli0
ihuhqwldwh wkhlu orfdwlrqv +uhfdoo sursrvlwlrq 6,1 Iru/ fD 	 |
_  2/r q h
revhuyhv lq wdeoh 4 wkdw orfdwlrqv glhuhqwldwlrq lv f2D 	   @W  KW 	 fD
zkhuhdv djdlq/ iurp wkh zhoiduh srlqw ri ylhz/ lw vkrxog eh erwk upv dw wkh
plgsrlqw1 Wr vxp xs/
Fruroodu| 4 Iru |:_
￿/ dq| pdunhw rxwfrph/ v|pphwulf ru dv|pphwulf/
h{klelwv dq h{fhvvlyh glhuhqwldwlrq ri orfdwlrqv1
4;W lv gh￿qhg lq wkh dsshqgl{1
4<Dv lq wkh qr0dphqlw| prgho/ wkh sulfh vwuxfwxuh grhv qrw d￿hfw Z1
53Pdl dqg Shqj +4<<<, rewdlq wkh vdph nlqg ri uhvxow1
4;Rq wkh rwkhu kdqg/ uhfdoolqj sursrvlwlrq 5/ zh jhw wkh txlwh lqwxlwlyh
iroorzlqj uhvxow=
Fruroodu| 5 Li xuedq dphqlwlhv duh uhodwlyho| kljko|0fhqwudol}hg +l1h1/ _
￿ :| ,
wkhq wkh qrq0frrshudwlyh ghflvlrqv ri upv wr orfdwh wrjhwkhu dw wkh
plgsrlqw lv vrfldoo| rswlpdo1
9F r q f o x v l r q
Lq wklv sdshu/ zh kdyh vkrzq wkdw wkh upv whqghqf| wr glhuhqwldwh wkhlu
orfdwlrqv ghshqgv vwurqjo| rq wkh xuedq vwuxfwxuh lq zklfk wkh| zloo rshudwh1
Lq idfw/ xuedq hfrqrplvwv vkrxog qrw hqxqfldwh dq| sulqflsoh ri pd{lpxp +ru
plqlpxp, glhuhqwldwlrq1 Lq uhdo0zruog flwlhv/ doo zloo ghshqg rq wkh h{lvwlqj
vsdwldo djjorphudwlrq ri ydulrxv hfrqrplf/ fxowxudo dqg vrfldo rssruwxqlwlhv1
Lq sduwlfxodu/ iru d kljko|0frqfhqwudwhg dphqlw| glvwulexwlrq dqg d jlyhq
orz wudqvsruwdwlrq frvw/ wkh nh| ri wkh sulqflsoh ri plqlpxp glhuhqwldwlrq
lv wkh qrq0h{lvwhqfh ri vrph srvlwlyh ghpdqg rxwvlgh wkh pdlq xuedq fhqwhu
wkdw uhvxowv iurp wkh ghvluh ri uhvlghqwv wr frqvxph doo vruwv ri xuedq dphql0
wlhv dw wkdw orfdwlrq1 Zkhq erwk upv duh qrw doorzhg wr dgrsw dq| phfk0
dqlvp wkdw uhod{hv sulfh frpshwlwlrq/ plqlpxp glhuhqwldwlrq ri orfdwlrqv
rffxuv zlwk erwk upv sulflqj dw pdujlqdo frvw lq frqwudvw wr pdlqvwuhdp
u h v x o w vl qw k hx u e d qh f r q r p l fo l w h u d w x u h 1L qw k l vv h q v h /r x us d s h uu h f r q f l o h v
Krwhoolqj dqg Ehuwudqg lq wkh frqwh{w ri vsdwldo ghpdqg h{whuqdolwlhv zlwklq
d qrqfrrshudwlyh orfdwlrq0wkhq0sulfh jdph1
Wkh vhfrqg vwulnlqj uhvxow ri rxu vkrsslqj prgho lv wkdw dv|pphwulf htxl0
oleuld hphujh iru lqwhuphgldwh ydoxhv ri |
_ hyhq wkrxjk wkh vhw0xs lv shuihfwo|
v|pphwulf= rqh up orfdwhv qhdu +ru dw, wkh fhqwhu ri wkh dphqlw| glvwul0
exwlrq zkhuhdv lwv ulydo fkrrvhv d pruh vxexuedq orfdwlrq/ srvvleo| dw rqh
hqg ri wkh flw|1 Wkh odwwhu edodqfhv wkh roljrsrolvwlf dgydqwdjhv ri vsdwldo
lvrodwlrq dqg wkrvh ri ehlqj forvhu wr wkh pdlq fhqwudo duhd1 Wklv uhvxow udlvhv
wkh txhvwlrq ri lqwud0xuedq lqhtxdolwlhv1 Lqghhg/ d plqrulw| ri uhvlghqwv duh
lqgxfhg wr vkrs wr wkh ghfhqwudol}hg up dqg/ dv d uhvxow/ hqfrxqwhu lq rqh
vlqjoh wuls ohvv xuedq olih rssruwxqlwlhv wkdq wkh uhvw ri wkh flw| srsxodwlrq1
Wkh iruphuv zrxog suhihu d pruh fhqwudol}hg sdwwhuq ri upv* orfdwlrqv dqg
d orzhu wudqvsruwdwlrq frvw1 Lw dovr iroorzv wkdw xuedq srolflhv dlplqj wr
ghfuhdvh wkh wudqvsruwdwlrq frvw yduldeoh |ru flw| sodqqlqj ghflvlrqv wr
fhqwudol}h xuedq dphqlwlhvpd| eh zhoiduh lpsurylqj exw dw wkh h{shqvh ri
4<pruh vsdwldo lqhtxdolwlhv wkurxjk shuqlflrxv uhorfdwlrq ri upv154
Ohw xv qdoo| lqwhusuhw wkh prgho lq whupv ri surgxfw vsdfh1 Wkh glvwul0
exwlrq ri dphqlwlhv vkrxog eh ylhzhg dv wkh glvwulexwlrq ri frpsohphqwdu|
surgxfwv ru vxssruwlqj vhuylfhv wkdw frqvxphuv ydoxh zlwk wkh surgxfw lwvhoi1
Rqh fdq wklqn ri d ydulhw| ri vriwzduh sdfndjhv dydlodeoh wr hdfk vshflf frp0
sxwhu v|vwhp +Zlqgrzv/ Pdflqwrvk,1 Wzr roljrsrolvwv kdyh wkhq wr ghflgh
zklfk v|vwhp wr dgrsw l1h1/ zkhuh wr orfdwh rq wkh olqh1 Wkh glvwdqfh eh0
wzhhq wkhp fdq eh lqwhusuhwhg dv d ghjuhh ri frpsdwlelolw|1 Rqh zrxog wkhq
dqdo|}h wkh lpsdfw ri sulflqj dqg surgxfw +frpsdwlelolw|, ghflvlrqv ri rxu
gxrsrolvwv rq wkh glvwulexwlrq ri vriwzduh sdfndjhv1 Fohduo|/ li lw lv wudfwdeoh/
wklv zrxog lpso| wr pdnh wkh odwwhu glvwulexwlrq hqgrjhqrxv1
: Uhihuhqfhv
g*Dvsuhprqw F1/ Jdev}hzlf} M1M1 dqg Wklvvh M10I1 +4<:<,/ Rq Krwhoolqj*v
Vwdelolw| Lq Frpshwlwlrq/ Hfrqrphwulfd/ 7:= 4478044831
Euxhfnqhu M1N1 +4<:<,/ Htxloleulxp lq d v|vwhp ri frppxqlwlhv zlwk
orfdo sxeolf jrrgv/ Hfrqrplfv Ohwwhuv/ 5=6;:06<61
Euxhfnqhu M1N1/ Wklvvh M1I1 dqg ]hqrx \1 +4<<;,/ Zk| lv fhqwudo Sdulv
u l f kd q gg r z q w r z qG h w u r l ws r r u BD qd p h q l w | 0 e d v h gw k h r u |  /Hxurshdq Hfr0
qrplf Uhylhz/7 6+ 4 , =4 0 5 3 ; 1
Frpehv S1 Sk1/ Olqqhphu O1 +5333,/ Lqwhuprgdo frpshwlwlrq dqg uh0
jlrqdo lqhtxdolwlhv/ Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv1
gh Sdopd D1/ Jlqvexujk Y1/ Sdsdjhrujlrx \1\1 dqg Wklvvh M10I1 +4<;8,/
Wkh Sulqflsoh ri Plqlpxp Glhuhqwldwlrq Krogv Xqghu Vx!flhqw Khwhur0
jhqhlw|/ Hfrqrphwulfd/ 86 +7,= :9:0:;41
Hdwrq/ E1 F1/ dqg Olsvh|/ U1 J1 +4<;5,/ Dq Hfrqrplf Wkhru| ri Fhqwudo
Sodfhv/ Hfrqrplf Mrxuqdo/ <5/ 890:51
Iulhgpdq M1 Z1 dqg Wklvvh M1 I1 +4<<6,/ Sduwldo Frooxvlrq Irvwhuv Plq0
lpxp Surgxfw Glhuhqwldwlrq/ Udqg Mrxuqdo ri Hfrqrplfv/ 57= 96409781
54Pruhryhu/ wkh h!flhqf| uhvxow grhv qrw qhfhvvdwlo| krog li wkhuh lv vrph frqjhvwlrq lq
wkh surylvlrq ri xuedq dphqlwlhv +h1j1 sxeolf jrrgv olnh sdunv/ pxvhxp,1 Rqh vlpsoh zd|
wr lqwurgxfh frqjhvwlrq lq wkh dqdo|vlv lv wr vxevwudfw iurp wkh vrfldo zhoiduh/ d vrfldo frvw
srvlwlyho| uhodwhg wr wkh qxpehu ri frqvxphuv ylvlwlqj uhvshfwlyh pdunhwsodfhv +h1j1 rqh
fdq wklqn ri wkh frvw ri pdlqwhqdqfh ri ryhufurzghg sdunv,1 Vrph suholplqdu| qxphulfdo
h{sorudwlrq wkhq vkrzv wkdw d orz wudqvsruwdwlrq frvw lqgxflqj erwk ￿upv dw wkh flw|
fhqwhu lv lqghhg qrw qhfhvvdulo| rswlpdo iurp wkh zhoiduh srlqw ri ylhz ehfdxvh lw lpsolhv
d kljk frqjhvwlrq frvw1
53Ixmlwd P1 dqg Wklvvh M10I1 +4<;9,/ Vsdwldo Frpshwlwlrq zlwk Odqg Pdu0
nhw= Krwhoolqj dqg Yrq Wkxqhq Xqlhg/ Uhylhz ri Hfrqrplf Vwxglhv/8 6
+8,= ;4<0;74
Ixmlwd P1 +4<;;,/ D Prqrsrolvwlf Frpshwlwlrq Prgho Ri Vsdwldo Dj0
jorphudwlrq= D Glhuhqwldwhg Dssurdfk/ Uhjlrqdo Vflhqfh dqg Xuedq Hfr0
qrplfv/ 4;= ;:04571
Ixmlwd P1 +4<;<,/ Xuedq Hfrqrplf Wkhru|/ Fdpeulgjh Xqlyhuvlw| Suhvv/
Fdpeulgjh1
Ixmlwd P1 +4<<6,/ Prqrsrolvwlf Frpshwlwlrq dqg Xuedq V|vwhpv/ Hx0
urshdq Hfrqrplf Uhylhz/ sdshuv dqg surfhhglqjv/ 6:/ ss1 63;06481
Jdev}hzlf} M1M1 dqg Wklvvh M10I1 +4<<5,/ Orfdwlrq lq Dxpdq dqg Kduw
hgv1/ Kdqgerrn ri Jdph Wkhru| zlwk Hfrqrplf Dssolfdwlrqv/ Yroxph 4/ Dp0
vwhugdp/ Qruwk0Kroodqg1
Mhklho S1 +4<<5,/ Surgxfw Glhuhqwldwlrq dqg Sulfh Frooxvlrq/ Lqwhuqd0
wlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 43= 99609741
Pdfdxoh| P1+4<;8, Hvwlpdwlrq dqg Uhfhqw Ehkdylru ri Xuedq Srsxod0
wlrq dqg Hpsor|phqw Ghqvlw| Judglhqwv/ Mrxuqdo ri Xuedq Hfrqrplfv/ 4;=
58405931
Pdl F10F1/ Shqj V1 +4<<<,/ Frrshudwlrq yv1 frpshwlwlrq lq d vsdwldo
prgho/ Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 5<= 79607:51
Ploov H1 V1 hg +4<;:,/ Kdqgerrn ri Uhjlrqdo dqg Xuedq Hfrqrplfv/y r o 1
LL/ Dpvwhugdp/ Qruwk0Kroodqg1
Qhyhq +4<;9,/ Rq Krwhoolqj*v frpshwlwlrq zlwk qrq0xqlirup fxvwrphu
glvwulexwlrqv/ Hfrqrplfv Ohwwhuv/ 54=45404591
Srolqvn|/ D1P1 dqg V1 Vkdyhoo +4<:9,/ Dphqlwlhv dqg surshuw| ydoxhv lq
d prgho ri dq xuedq duhd/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 8= 44<045<1
Txlq}ll P1 dqg Wklvvh M10I1 +4<<3,/ Rq wkh Rswlpdolw| ri Fhqwudo Sodfhv/
Hfrqrphwulfd/ 8;= 44340444<1
Ukhh E1/ gh Sdopd D1/ Iruqhoo F1 dqg Wklvvh M10I1 +4<<5,/ Uhvwrulqj
wkh Sulqflsoh ri Plqlpxp Glhuhqwldwlrq lq Surgxfw Srvlwlrqlqj/ Mrxuqdo
ri Hfrqrplfv dqg Pdqdjhphqw Vwudwhj|/ 4= 7:808381
Vwdko N1 +4<;5d,/ Orfdwlrq dqg Vsdwldo Wkhru| zlwk Qrqfrqyh{ Wudqv0
sruwdwlrq Frvw Vfkhgxohv/ Ehoo Mrxuqdo ri Hfrqrplfv dqg Pdqdjhphqw Vwudw0
hj|/ 46= 8:808;51
Vwdko N1 +4<;5e,/ Glhuhqwldwhg Surgxfwv/ Frqvxphu Vhdufk dqg Orfd0
wlrqdo Roljrsro|/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 64 +425,= <:04471
Vwdko N1 +4<;:,/ Wkh Wkhru| ri Xuedq Exvlqhvv Orfdwlrq/ lq H1 V1 Ploov
hg1= :8<0;531
54Vwdko N1 +4<<8,/ Wrzdugv d plfurhfrqrplf wkhru| ri wkh uhwdlolqj vhf0
wru/ sdshu suhvhqwhg dw HFDUH/ Euxvvhov1
Wdexfkl/ W1/ Wklvvh/ M10I1/ Dv|pphwulf htxloleuld lq vsdwldo frpshwl0
wlrq/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 46=546055:1
Wkloo M1F1/ L1 Wkrpdv L1 +4<;:,/ Wrzdug Frqfhswxdol}lqj Wuls Fkdlqlqj=
DU h y l h z  /Jhrjudsklfdo Dqdo|vlv/ 4</ 404:1
Wklvvh M10I/1dqg Zlogdvlq +4<<5,/ Sxeolf idflolw| orfdwlrq dqg xuedq vsd0
wldo vwuxfwxuh/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 7; +4,= ;6044;1
Wluroh M1 +4<;;,/ Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq/ wkh PLW Suhvv/
Fdpeulgjh/ Pdvvdfkxvhwwv1
Yodvvhqeurhfn +4<<8,/ Wkh jhrjudsk| ri d vshfldo fdvh ri wkh rxw0ri0
krph hdwlqj lqgxvwu| lq Ehojlxp= wkh vhfwru ri kdpexujhu uhvwdxudqwv/
Uhyxh Ehojh gh Jìrjudsklh/ 8</ wrph 5= 64:06571
]kdqj ]1 M1 +4<<8,/ Sulfh0Pdwfklqj Srolf| dqg wkh Sulqflsoh ri Plqlpxp




Vwhs 41O h w sE%Gd f co $? n/ dq| frqwlqxrxv glvwulexwlrq ri dphqlwlhv/
v|pphwulf derxw wkh plgsrlqw ru vwulfwo| lqfuhdvlqj lq % rq dfco155 Dvvxph
wkdw orfdwlrqv duh {hg dqg glhuhqwldwhg +K@:f, dqg/ iru h{srvlwlrqdo
sxusrvh/ ohw
{sE  Kc@'sE  K  sE@
Zlwkrxw dq| orvv ri jhqhudolw|/ zh vxssrvh wkdw up E lv grplqdqw= {sE
Kc@  f156 Qh{w/ iru dq| R￿ vhw e| up D/ ohw R
￿
￿ER￿ ghqrwh wkh sulfh ehorz
z k l f k u pDj h w vq rg h p d q gi r ul w vs u r g x f w =
e % 'f / R
￿
￿ER￿'R￿ n{ sE  Kc@  |E  K n @E  K  @ +47,
Iru dq| R￿ :R
￿
￿ER￿ wkh ghpdqg wr D lv srvlwlyh vr wkdw zh fdq zulwh wkh


















￿ER￿ v1w1 e %	





￿ER￿ dw R￿ ' R
￿
￿ER￿1 Qrwh dovr wkdw wkh surw
ixqfwlrq ri up E lv vwulfwo| frqfdyh lq rzq sulfh iru dq| R￿ :R
￿
￿ER￿157
Uhfdoolqj wkdw ￿ER￿ lq Ht1 +;, vdwlvhv wkh uvw0rughu frqglwlrq zkhqhyhu
e %:f/ rqh glvwlqjxlvkhv wzr srvvleoh vlwxdwlrqv= +l, hlwkhu ￿ER￿ :R
￿
￿ER￿
lq zklfk fdvh up E wdflwo| vhwv d sulfh vxfk wkdw (￿ : f +￿ER￿ lv d joredo
pd{lpxp, +ll, ru/ ￿ER￿ 	R
￿
￿ER￿ lq zklfk fdvh up E rswlpdoo| vhwv d
sulfh R
￿
￿ER￿ , (￿ 'f+vhh wkh qh{w jxuh,158
55Frqwlqxlw| lv vwurqjhu wkdq qhfhvvdu| wr hvwdeolvk wkh h{lvwhqfh dqg xqltxhqhvv ri dq
htxloleulxp lq sulfhv1
56Li wkh dphqlw| glvwulexwlrq lv vwulfwo| lqfuhdvlqj rq ^3>4‘/ wkhq qhfhvvdulo|/ ￿i+4 ￿




+sE+4 ￿ e {,, @ ￿4
w+4￿e￿d, ? 3 ;sE As
￿
E+sD, vxfk wkdw 3 ? e {?41

















Iljxuh 7= Sur￿w ixqfwlrq ri E lq wkh sulfh jdph +}E@cK 	 f,
Vwhs 51 Ohw xv hvwdeolvk d jhqhudo frqglwlrq xqghu zklfk up D lv dozd|v
deoh wr dwwudfw vrph frqvxphuv e| vhwwlqj vrph srvlwlyh sulfh/ srvvleo| vpdoo1









/ R￿ 	 {sE  Kc@n|E  K  @E  K n @'}E@cK +48,
Li }E@cK : f/ wkhq D fdq dozd|v jxdudqwhh lwvhoi d srvlwlyh ghpdqg e| vhwwlqj
R￿ ' "	} E@cK/ srvvleo| vpdoo159 Zh hdvlo| jhw=
}E@cK : f / |:
{sE  Kc@
E  K  @E  K n @
+49,
Wkh odvw lqhtxdolw| krogv li wkh glhuhqfh lq wkh dprxqw ri dphqlwlhv dw
uhvshfwlyh orfdwlrqv lv qrw wrr odujh15: Lqwhuhvwlqjo| hqrxjk/ iru dv|pphwulf
wuldqjxodu glvwulexwlrqv dv lq jxuh 4/ wklv rffxuv iru dq| orfdwlrqvsrvvleo|
kljko|0glvshuvhgli wkh dphqlw| glvwulexwlrq lv qrw wrr vwhhs=
{sE  Kc@'_E  K  @ dqg }E@cK : f / |
_ : ￿
E￿3Kn@￿
Vlqfh wkh UKV pd| wdnh d pd{lpxp ydoxh ri ￿
2/z hf r q f o x g hw k d wli |
_ : ￿
2
wkhq }E@cK : f iru dq| f  @	  K  1 Iru d v|pphwulf wuldqjxodu
glvwulexwlrq dv lq +44,/ frqglwlrq +49, ehfrphv=
59E rswlpdoo| vhwv SE+sD, , e {A31
5:Lq sduwlfxodu/ iru v|pphwulf dphqlw| glvwulexwlrqv/ +49, lv vdwlv￿hg zkhqhyhu orfdwlrqv
duh v|pphwulf derxw wkh fhqwhu +￿i+4 ￿ e>d,@3 ,1
57}E@cK : f / |
_ : K3@
E￿3K3@￿E￿3Kn@￿




2,/ rqh vkrzv wkdw wkh UKV pd| uhdfk d pd{lpxp ydoxh ri fe dw
E@cK'E f cfD1L q r w k h u z r u g v / li |
_ : fe wkhq }E@cK : f iru dq|
f  @cK  ￿
215;
Vwhs 61 +Qdvk htxloleulxp lq sulfhv,1
 Fdvh &4= }E@cM : f
Dvvxph wkdw +49, lv vdwlvhg dqg vxssrvh wkdw wkh sulfh vhw e| up D
lv qrw wrr kljk= R￿ 	} E@cK1 Wkhq/ wkh ehvw uhso| ri E lq wkh odvw vwdjh lv
￿ER￿ dv lq +;, vxfk wkdw uhvshfwlyh ghpdqgv duh srvlwlyh +uhfdoo vwhs 4,1
Vlqfh wkh vhfrqg rughu frqglwlrqv duh phw5</ zh frqfoxgh wkdw wkh lqwhuvhfwlrq
ri +:, dqg +;, lv d Qdvk htxloleulxp=




sE@  sE  K

+4:,




sE  K  sE@

+4;,
Qrwh wkdw R￿E@cK : f lv htxlydohqw wr +49, deryh vlqfh R￿E@cK'
}E@cK￿
￿ 163




2|E  K  @
 ' c +4<,
Wkh deryh Qdvk htxloleulxp lq sulfhv lv qhfhvvdulo| xqltxh1 Lqghhg/ iru R￿
wrr kljk/ wkdw lv iru sulfhv deryh R￿ v1w1 R
￿
￿ER￿ : ￿ER￿/ wkh ghpdqg wr
D lv }hur1 Khqfh/ li R￿ : R￿/ wkh ehvw uhso| ri up E wr d sulfh vhw e| lwv
5;Rqh ghulyhv vlplodu frqglwlrqv iru txdgudwlf glvwulexwlrqv ri dphqlwlhv1 Iru h{dpsoh/
li i+{,@￿ .￿={5 +kdylqj lwv pd{lpxp dw { @4 ,/ rqh suryhv wkdw w@￿ A 4 lv vx!flhqw wr
kdyh j+d>e, A 3 iru dq| 3 ￿ d>e ￿ 41
5<Iru d sulfh sE+d>e, vhw e| ￿up E +vhh +4;,, dqg dq| sD ?j +d>e,/




+4￿e￿d,w ? 3 ;sD 5 ^3>j+d>e,‘1
63Lq rwkhu zrugv/ zkhqhyhu j+d>e, A 3/ s
￿
E+sD, vxfk wkdw GD @3lv qrw d fuhgleoh
wkuhdw vlqfh lw lv vx!flhqw iru ￿up D wr sod| lwv rzq Qdvk vwudwhj| wr lqgxfh E wr sod|
SE+sD, , GD A 31
58ulydo lv R
￿
￿E zlwk vorsh 1 Wkxv/ lq wkh frruglqdwhv ER￿cR ￿/ wkh uhdfwlrq
ixqfwlrq ri E lv nlqnhg dw R￿ +vhh wkh erog olqh lq wkh iroorzlqj jxuh, dqg
wkh olqh R
￿
￿E lv wzlfh dv vwhhshu dv ￿E +revhuyh +;,,1 Wkh ehvw0uhso|
ixqfwlrq ri D lv uhsuhvhqwhg e| 
3￿
￿ E rewdlqhg e| uhyhuvlqj htxdwlrq +:,164
Lw iroorzv wkdw wkh lqwhuvhfwlrq ri 
3￿
￿ E dqg ￿E olhv qhfhvvdulo| deryh
R
J
￿E iru dq| }E@cK : f165 Wklv jxdudqwhhv wkh ryhudoo frqyhujhqfh wr wkh
Qdvk htxloleulxp zkhqhyhu }E@cK : f +xqltxhqhvv,1 D w|slfdo vlwxdwlrq lv



















 Fdvh &5= }E@cM 	 f
Zkhqhyhu }E@cK 	 f/ up E rswlpdoo| vhwv d sulfh R
￿
￿ER￿ +lqyhuw wkh
lqhtxdolw| lq +48,,1 Wkh olqhdu ehvw0uhso| ixqfwlrq R
￿
￿E lv hqwluho| deryh
￿E +vhh wkh jxuh ehorz,1 Wkh xqltxh htxloleulxp lq sulfhv lv jlyhq e| wkh
lqwhuvhfwlrq ri ￿E dqg R
￿
￿E=
R￿ 'f cR ￿ ' R
￿
￿Ef +53,
Dowkrxjk lw sulfhv dw pdujlqdo frvw/ up D kdv qr ghpdqg ehfdxvh lwv ulydo
ehqhwv iurp pruh xuedq dphqlwlhv dw E  K :@ 166
64Lw lv qrw uhohydqw wr frqvlghu wkh sulfh ixqfwlrq s
r
D vxfk wkdw GE @3 1 Lqghhg/ rqh
fkhfnv iurp +49, wkdw E lv dozd|v deoh wr dwwudfw vrph srvlwlyh ghpdqg1
65Wkh vorsh ri S￿4
D +=, lv 5 dqg zh kdyh fodvvlfdoo|=
SE+3, AS
￿4
D +3, / i+d, ￿ i+4 ￿ e,.w+4 ￿ e ￿ d,+6 ￿ e . d, A 3
zklfk lv vdwlv￿hg iru dq| j+d>e, A 3 +vhh vwhs 5,1 Iru sD @3 /z hk d y hi u r p+ :,=
S
￿4
D +3, @ g+e ￿ d, ￿ w+4 ￿ e . d,+4 ￿ e ￿ d,@s
￿
E+3,1
66Iru h{dpsoh/ frqvlghu wkh v|pphwulf wuldqjxodu dphqlw| glvwulexwlrq dqg dvvxph w
g @
3=58 dqg d @3=j+d>e,@￿g+e,.w+4 ￿ e,+6 ￿ e, A 3 / g+3=58e5 ￿ 5e .3 =:8, A 3
Iru e?3=6</ wkh odvw txdqwlw| lv srvlwlyh dqg htxloleulxp sulfhv duh jlyhq e| htxdwlrqv
+4:,0+4;,= sD+d>e, A 3>s E+d>e, A 31 Rq wkh rwkhu kdqg/ li eA3=6< +l1h1 li E lv forvhu wr
wkh plgsrlqw, wkhq wkh olqh s
￿





















;15 Wuldqjxodu glvwulexwlrqv ri dphqlwlhv
Iru wuldqjxodu dphqlw| glvwulexwlrqv/ rqh fdq vxp xs wkh deryh dqdo|vlv dv
iroorzv=
Ohppd 41 Dvvxph wkdw s lv wuldqjxodu/ vwulfwo| lqfuhdvlqj rq dfco1L i |
_ :
fD/ wkhq dq| glhuhqwldwlrq ri orfdwlrqv lpsolhv wkdw uhvshfwlyh ghpdqgv
dqg surwv duh vwulfwo| srvlwlyh1
Surri1 Dvvxph   K  @:f1 Iurp vwhs 6 deryh/ zh nqrz wkdw
|
_ : fD , }E@cK : f / R￿E@cK : f ;E@cK 5 dfco  dfco
Xvlqj +<, dqg soxjjlqj sE@ dqg sE  K lqwr +4:,0+4;,/ zh rewdlq wkh
xqltxh htxloleulxp lq sulfhv dv iroorzv=




















Ohppd 51 Dvvxph wkdw s lv wuldqjxodu/ v|pphwulf derxw wkh plgsrlqw dqg
vxssrvh wkdw upv duh qrw orfdwhg rq wkh vdph kdoi0vhjphqw1 Li |
_ : fe
wkhq uhvshfwlyh ghpdqgv dqg surwv duh vwulfwo| srvlwlyh lq dq| htxlole0
ulxp ri wkh odvw vwdjh1
Surri1 Djdlq iurp vwhs 6/ zh nqrz wkdw
|
_ : fe , }E@cK : f / R￿E@cK : f ;E@cK 5 dfc ￿





5:Iurp v|pphwu|/ sE  K'sEK dqg/ iurp +44,/ sEK  sE@'_EK 
@1 Soxjjlqj wkh odwwhu lqwr +4:,0+4;,/ rqh rewdlqv wkh iroorzlqj htxloleulxp
sulfhv=






E@  K +56,






EK  @ +57,
< Surri ri sursrvlwlrq 4





2 dqg E  K :@ 1 Xvlqj +4<,/ +54, dqg +55, zh hdvlo| ghulyh wkh
iroorzlqj uhgxfhg0irup surw ixqfwlrqv
￿E@cK'
E  K  @

d|E n @  K  _o
2 +58,
￿E@cK'
E  K  @

d|E n K  @n_o
2 +59,
￿ Gd f co  dfco $? n lv wzlfh frqwlqxrxvo| glhuhqwldeoh dqg vwulfwo|












d|E n K n @n_od|E n K  @n_o +5;,
Lw lv vwudljkwiruzdug wkdw
B￿￿
BK E@cK 	 f ;K 5 dfco1 Rqh dovr jhwv wkh
iroorzlqj lpsolfdwlrq= En@	e dqg |
_ :  , _
| 	 n@ ,
B￿￿
B@ E@cf 	 f
Wklv suryhv uhvxow +lll, +T1H1G1,168 Iru ￿
2 	 |
_  / wkh xqltxh htxloleulxp












67Zh jhw = ￿5
￿e5￿E+d>e,@+ ￿4@4;,^+6 . e ￿ d,w . g‘^ + 4.6 e . d,w . g‘ ? 3




￿d5￿D+d>e,@+ ￿4@<,^+8 ￿ e .6 d,w ￿ 5g‘ ? 3
68Htxloleulxp sulfhv duh dv iroorzv= +l, sD+3>3, @ w ￿ g
6 A 3 +ll, sE+3>3, @ w . g
6 A 31
Rq dovr vkrzv wkdw lq htxloleulxp/ 4
6 ?G D+3>3, ? 4
5 +4
5 ?G E+3>3, ? 5
6,1





e1 Ohw xv vkrz wkdw dq| up vlwxdwhg rq wkh ohiw ri lwv ulydo jhwv qr
ghpdqg1 E| frqwudglfwlrq/ dvvxph e %:f iru vrph R￿  f/   K  @:f1










e , |En@K_  f/ zklfk hvwdeolvkhv d frqwudglfwlrq1
Lw iroorzv wkdw wkh xqltxh Qdvk htxloleulxp vxuylylqj wkh ghohwlrq ri zhdno|
grplqdwhg vwudwhjlhv lv dv iroorzv= @W 'KW ' dqg RW
￿ ' RW
￿ 'f 1W k l v
frpsohwhv wkh surri ri uhvxow +l,1




Vwhs 41 Lq dq| htxloleulxp ri wkh orfdwlrq jdph E@WcK W zh qhfhvvdulo|
kdyh KW 'f 1 Lqghhg/ e| frqwudglfwlrq dvvxph uvw wkdw @W 	   KW 	 
dqg (￿E@WcK W : f / }E@WcK W : f1 Frqvlghu wkhq d uhorfdwlrq ri E
hdvwzdugv/ dw KW n" zkhuh " lv srvvleo| vpdoo vr wkdw (￿E@WcK W " : f1
Iurp wkh frqwlqxlw| ri ixqfwlrqv } dqg ￿ qhdu E@WcK W wkh fkdqjh lq wkh
ydoxh ri wkh surw ixqfwlrq lv jlyhq e| htxdwlrq +5;, deryh=
B￿￿
BK E@cK 	 f dqg
zh kdyh d uvw frqwudglfwlrq1 Qhlwkhu @W 	 KW 	  vxfk wkdw (￿E@WcK W'f
fdq eh dq htxloleulxp vlqfh D lv lqflwhg wr uhorfdwh dw wkh hdvw hqg1 +T1H1G1,1
Vwhs 51 Ohw xv vkrz wkdw wkh iroorzlqj frqjxudwlrq lv dq htxloleulxp
ri wkh orfdwlrq0wkhq0sulfh jdph= ￿
￿ 	@ W ' _3|
￿| 	 cK W 'f 1 Soxjjlqj
KW 'flqwr +58,/ rqh vkrzv wkdw wkh uhvxowlqj surw ixqfwlrq lv txdvlfrqfdyh
dqg pd{lpl}hg dw @W ' _3|
￿| 169 Ilqdoo|/ qrwh wkdw E lv qrw lqflwhg wr pryh
zhvwzdugv dv orqj dv wkh ghpdqg iru up D lv srvlwlyh1 E lv qrw lqflwhg
hlwkhu wr dqqlklodwh wkh ghpdqg wr D e| prylqj zhvwzdugv1 Lqghhg/ dvvxph
e| frqwudglfwlrq wkdw wkhuh h{lvwv vrph orfdwlrqv   K:@ W6:/v x f kw k d w
(￿E@WcK'fdqg
69Iru 3=7 ? w
g ? 4
5/ ￿D+d>3, lv srvlwlyh/ vwulfwo| frqfdyh1 Iru 4
6 ? w
g ? 3=7/ ￿D+d>3, lv






6/ ￿D+=>3, lv d frqwlqxrxv wzr0sduw ixqfwlrq1 Iru d 5 ^3>d‘/ d @ g￿6w
w /￿ u pD
jhwv qr ghpdqg +￿D+d>3, @ 3, zkhuhdv ￿D+d>3, @
+4￿d,
6 ^w+6 . d, ￿ g‘
5 A 3 ;d 5 ‘d>4‘1
Djdlq/ wklv sduw ri wkh ixqfwlrq lv ehoo0vkdshg/ vwulfwo| frqfdyh dw hyhu| d 5 ^h d>4‘ +d ? h d?
d￿,1 ￿D+d>3, $ 3 dv d $ d1 Wkh wkuhvkrog ydoxh d lv vxfk wkdw e { @3/ sD+d>3, @ 3
zkhuh sD+d>3, lv rewdlqhg iurp +54,1





E  K n @|  _

E  K  @ : ￿E@Wcf
Zh kdyh wkh iroorzlqj lpsolfdwlrq







BK 	 f/ wkh uhorfdwlrq lv jlyhq e| wkh odvw iudfwlrq1 Rqh wkhq
fkhfnv wkdw iru dq| |
_ : ￿
e/   K ' b3|32_
￿| 	@ W zklfk hvwdeolvkhv d
frqwudglfwlrq1
43 V|pphwulf wuldqjxodu glvwulexwlrq ri dphql0
wlhv
4314 Uhgxfhg0irup surw ixqfwlrqv
431414 Fdvh &4= |*_ : fe
E| yluwxh ri ohppd 5/ wkh htxloleulxp ohyhov ri sulfhv dqg ghpdqgv duh jlyhq
e| htxdwlrqv +56,0+57, dqg +4<,1 Soxjjlqj wkhvh htxdwlrqv lqwr +9, |lhogv wkh
iroorzlqj uhgxfhg0irup surw ixqfwlrqv=
￿E@cK'

H|E  K  @




H|E  K  @
d|E  K  @E n K  @n_EK  @o
2 +64,












S|E  K  @2R￿E@cKd|E  K  @E n K n @n_E2  K  @o
+66,
Revhuyh wkdw iru _ 'f / zh kdyh h{dfwo| wkh uhvxowv ri wkh uhihuhqfh prgho1
63431415 Fdvh &5= |*_ 	 fe
Dv dujxhg dw wkh hqg ri wkh sulfh frpshwlwlrq dqdo|vlv/ iru d yhu| orz |*_/
zkhqhyhu up E lv wrr forvh wr wkh plgsrlqw dv frpsduhg zlwk lwv ulydo/ lw
jhwv wkh hqwluh pdunhw1 Frqvhtxhqwo|/ zh kdyh wr glvwlqjxlvk wzr srvvleoh
fdvhv1 Li up D lv qrw wrr idu iurp wkh fhqwhu/ wkhq zkdwhyhu wkh orfdwlrq
ri E/ wkh iruphu zloo idfh d srvlwlyh ghpdqg e| vhwwlqj wkh Qdvk htxloleulxp
s u l f h+ v h hf d v h& 4d e r y h , 1 R qw k hr w k h uk d q g /li up D lv uhodwlyho| idu
dzd| iurp wkh fhqwhu wkhq wkh h{lvwhqfh ri d srvlwlyh ghpdqg iru lwv surgxfw
fuxfldoo| ghshqgv rq lwv ulydo*v orfdwlrq1 Li up E orfdwhv lwvhoi qrw wrr forvh
wr wkh fhqwhu +l1h1 K	K J  ￿
2,w k h q(￿ : f1 Li up E lv qhdu wkh flw|
fhqwhu/ wkhq D grhv qrw dwwudfw dq| frqvxphu1 Wkh wkuhvkrog orfdwlrq KJ lv
ghqhg dv iroorzv= zkhq E pryhv wrzdug wkh plgsrlqw/ lw lv wkh orfdwlrq vxfk
wkdw up D grhv qrw qg dq|pruh frqvxphu lq lwv klqwhuodqg hyhq wkrxjk lw
sulfhv dw pdujlqdo frvw +E vwloo sod|lqj lwv rzq Qdvk vwudwhj|,=
(￿E@cKJ'f / _EKJ  @'|E  KJ  @E n @  KJ
Irupdoo|/ K￿ lv wkh uhohydqw urrw ri wkh sro|qrpldo htxdwlrq }E@cKJ'f 1
Khqfh/ up E*v surw ixqfwlrq lv pdgh ri wzr sduwv = iru K	K J/l wl vj l y h qe |
htxdwlrq +64, deryh +@ dqg K￿ duh vxfk wkdw ohppd 5 krogv, > iru fhqwudol}hg
orfdwlrqv +K:K J/z hk d y hi u r p+ 4 7 , =
￿ ' R
￿
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Iljxuh 8= E wrr idu iurp wkh plgsrlqw
Wkh frqwlqxlw| ri wkh surw ixqfwlrqv lv suhvhuyhg lq rxu vhw0xs1 Lq sdu0
wlfxodu/
64￿E@c' ￿
￿H|E￿3K3@￿ dS|E  K  @o




L q j x u h8 /z hk d y hh { f k d q j h gDz l w kE /@J zlwk KJ=l wg h s l f w v u pD * v
surw zkhq E lv orfdwhg dw f.D dqg |*_ 'f 2D1
4315 Surri ri sursrvlwlrq 5
Vwhs 41 Dvvxph wkdw rqo| rqh up lv orfdwhg dw wkh flw| fhqwhu=
Ohppd 6 Iru |
_ 	 ￿
￿/ wkhuh duh qr htxloleulxp sulfhv vxfk wkdw E zrxog
eh dw wkh flw| fhqwhu dqg D zrxog jhw d srvlwlyh ghpdqg dw d glvwlqfw
orfdwlrq= @	K' ￿
2 , (￿ 'f iru dq| R￿  f
Surri1 E| frqwudglfwlrq/ vxssrvh wkdw (￿ ' e %:f dw vrph orfdwlrq @	
K ' ￿
21 Wkhq/ iru dq| R￿  f/ E vhwv d sulfh rq lwv ehvw0uhso| ixqfwlrq +;,1
Vxevwlwxwlqj wkh odwwhu dqg K ' ￿
2 lqwr +45, |lhogv=










| :  , e %	f1W k l v d o v r k r o g v i r u R￿ : f
vlqfh Be %
BR￿ 	 f1
Vwhs 51 Ohw |
_  ￿
￿ dqg dvvxph wkdw D lv forvhu wr wkh fhqwhu= f  K  @ 
￿
21+ I u r pu h v x o w4 /￿
2 	@	  K   lv lpsrvvleoh,1 Diwhu vroylqj iru sulfh
frpshwlwlrq/ wkh surw wr up D lv jlyhq e| rqh ri wkh iroorzlqj h{suhvvlrq=
￿ '

H|E  K  @
d|E  K  @E n @  Kn_E@  Ko





￿ ' _E@  K  |E  @ n KE  K  @ li (￿ 'f +69,
zkhuh R
J
￿ lv rewdlqhg iurp +67, diwhu h{fkdqjlqj @ dqg K1 Lq wkh vhfrqg fdvh/
up E sulfhv dw pdujlqdo frvw exw lw fdswxuhv qr ghpdqg ehfdxvh D lv wrr
forvh wr wkh fhqwhu +uhfdoo fdvh &5 deryh,1 Iluvw/ dvvxph wkdw @ dqg K duh

















}E@cK'|E  K  @E n @  Kn_E@  K : f +6;,
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B@

















Li (￿ 'f+D forvh wr wkh fhqwhu,/ wkhq rqh fdofxodwhv
B￿f
￿
B@ ' _n2|EK : f1
Wkxv/ zkdwhyhu wkh ydoxh ri lwv pdunhw vkduh/ D lv lqflwhg wr uhorfdwh h{dfwo|
dw plgsrlqw +vhh djdlq jxuh 8 iru wkh lqwxlwlrq,1
Vwhs 61 Fohduo|/ @ ' ￿
2 lv d zhdno| grplqdqw vwudwhj| wkh pd{lpxp surw
ri D lv hlwkhu srvlwlyh iru K	￿
2 +e| ohppd 6/ (￿ 'f ,r u} h u ri r uK ' ￿
216;
E| v|pphwu| ri wkh sureohp/ wkh vdph krogv iru up E1 Wkh xqltxh Qdvk
htxloleulxp vxuylylqj lwhudwhg zhdno| grplqdqfh lv wkxv @ ' K ' ￿
21
4316 Surri ri sursrvlwlrq 6/ uhvxow +l,
Vwhs 41 Ohw |
_ : 21 Frqvlghu up D dqg revhuyh lq +65, wkdw lw lv vx!flhqw
wr suryh wkdw wkh h{suhvvlrq lq eudfnhwv lv qhjdwlyh +R￿E@cK : f iurp ohppd
5,1 Ohw
&E@cK'|E  K  @E n @ n Kn_E2  @  K
Iru d jlyhq K/ rqh vkrzv wkdw &EcK lv vwulfwo| frqyh{ lq @ vr wkdw lw lv
pd{lpxp dw hlwkhu @ 'fru dw @ ' ￿
21 Rqh hdvlo| fkhfnv wkdw &EfcK 	 f/
iru dq| K1 Rqh dovr vkrzv wkdw B&





Wkxv iru K ' ￿





dqg lv }hur dw @ ' ￿
21 Iru dq| K	￿
2= &E￿
2cK 	 f1 Khqfh/ e| wkh vwulfw
frqyh{lw| ri &/h l w k h u&E@cK 	& EfcK 	 f/r u&E@cK 	& E￿
2cK 	 f1W k x v /
B￿￿
B@ E@cK 	 f iru dq| E@cK 9'E ￿
2c ￿
21
Vwhs 51 E@cK'E ￿
2c ￿
2 lv lpsrvvleoh vlqfh dq| uhorfdwlrq ri up D rxwvlgh
wkh plgsrlqw |lhogv d srvlwlyh surw +vhh vwhs 4,1 Zh frqfoxgh wkdw @ 'f





1 Iurp v|pphwu|/ wkh vdph





2 + ' c,1










664317 V|pphwulf lqwhulru fdqglgdwhv
Zh fdoo lqwhulru orfdwlrq dq| orfdwlrq lq wkh lqwhulru ri dfcfDo1
Ohppd 71 Ohw |
_ : fe1 Iru dq| |
_ 9' e
￿/ dq| lqwhulru htxloleulxp lv qhfhv0
vdulo| xqltxh dqg v|pphwulf = @ ' K ' _
2|  ￿
e 5 ofcfDd
Surri1 ￿E@cK lv wzlfh frqwlqxrxvo|0glhuhqwldeoh lq rzq orfdwlrq rq
dfcfDo dfcfDo1 Dq| Qdvk htxloleulxp E@cK lq wkh lqwhulru ri dfcfDo








/ d|E  K  @  _oE2@  2K'f
Dvvxph uvw wkdw |
_ ' ￿
￿3K3@1 Vxevwlwxwlqj iru |
_ lq rqh ri wkh uvw0rughu
frqglwlrq/ zh jhw=
|E  K  @E n @ n Kn|E  K  @E2  @  K'f
Vlqfh/ E  K  @ : f/z hp x v wk d y h
E n @ n KnE 2 @  K'f /   e@  eK 'f / @ n K ' ￿
e
lq zklfk fdvh |
_ ' ￿
￿3K3@ ' e
￿1 H{foxglqj wklv fdvh/ rqh pxvw kdyh=
2@ '2 K1 Vxevwlwxwlqj wkh odwwhu lqwr dq| uvw0rughu frqglwlrq/ rqh rewdlqv
w k hh { s u h v v l r qr io r f d w l r q vd vl qw k ho h p p d 1
4318 Lqwhuphgldwh fdvh &4= 2 	| * _	2
431814 Ehvw0uhso| ixqfwlrqv
Lq zkdw iroorzv/ wkh vsdwldo ehkdylru ri up D lv dqdo|}hg1 Iru up E/ rqh
vlpso| lqwhufkdqjhv @ zlwk K1O h wh | ' |
_1
Ohppd 81 Iru dq| S










$? n lv wzlfh0
frqwlqxrxvo| glhuhqwldeoh dqg txdvl0frqfdyh lq rzq orfdwlrq1 Wkh ehvw0
uhso| ixqfwlrq lq orfdwlrq lv frqwlqxrxv dqg lv jlyhq e| =
x￿EK'

















.K  Dnh |EK  2
2
: f +76,
dqg f 	h K  ffe vdwlvhv
B￿￿
B@ Efch K'f 1
Surri1 Vwhs 41 S
D 	 h |	21 Revhuyh lq +63, wkdw ￿E@cK lv wzlfh0
frqwlqxrxvo| glhuhqwldeoh1 Wkh txdvl0frqfdylw| ri ￿ lv suryhq lq zkdw
iroorzv1 Iluvw/ lq +65,/ ohw




B@ '5  } ? sE@cK
Rqh hdvlo| vkrzv wkdw iru dq| jlyhq K/ sEcK lv vwulfwo| frqyh{ lq @ dqg
kdv d plqlpxp lq wkh lqwhulru ri dfcfDo1 Wkhq/ ohw xv vkrz wkdw iru dq| jlyhq

















2 n K :  , sEfDcK 	 f iru dq| f  K	fD1
Vhfrqgo|/ rqh qg h{dpsohv lq zklfk sE@ 'f 	 f +h1j1 |
_ '2 ,d q g
rwkhu h{dpsohv lq zklfk sE@ 'f : f1 Zh frqfoxgh wkdw wkhuh duh rqo| wzr
srvvleoh rxwfrphv ghshqglqj rq wkh ydoxh ri K=
+l,
B￿￿E￿cK￿
B@ 	 f ;@ 5 dfcfDo ru/
+ll, <h @ 5 ofcfDd vxfk wkdw
B￿￿E￿cK￿
B@ : f ;@ 5 dfch @d/
B￿￿E￿cK￿
B@ 'fdw h @/d q g
B￿￿E￿cK￿
B@ 	 f ;@ 5 oh @cfDo1
Lq wkh odwwhu fdvh/ ￿EcK kdv d xqltxh pd{lpxp wkdw lv jlyhq e| wkh
uvw0rughu frqglwlrq=
B￿￿E￿cK￿




68dv h{suhvvhg lq wkh ohppd1 Rqh fkhfnv wkdw6<
{ : f iru dq| h |:b.H22 +79,
Vwhs 51 Ohw h K vxfk wkdw
B￿￿
B@ Efch K'f 1 Fohduo|/ iru @:f/
B￿￿
B@ E@ch K 	 f
+@ 'flv d joredo pd{lpxp iurp vwhs 4,1 Rqh fdofxodwhv=
B￿￿





Rqh dovr ghulyhv= _
_KE
B￿￿
B@ Efch K ' 2K|  _	f/ iru dq| |	_1W k x v /
￿EcK lv vwulfwo| ghfuhdvlqj lq rzq orfdwlrq qhdu @ 'firu dq| K  h K=w k h
rswlpdo orfdwlrq lv @ 'f+zh duh qhfhvvdulo| lq fdvh +l, deryh,1
Vwhs 61 Iru dq| K	h K/ ￿EfcK kdv d pd{lpxp dw h @EK lq wkh lqwhulru
ri dfcfDo1Q r w l f hw k d wh @EK lv qrq0olqhdu/ ghfuhdvlqj lq K =l wf x w vw k hK0d{lv
dw h K1 Rqh vkrzv wkdw h K	f2D iru dq| h |:e* dqg f2D 	 h K	ffe iru
2 	 h |	e*1I r uK ' ￿
2/ sEfDcK'f,
B￿￿E￿cf￿D￿
B@ 	 f , h @EfD ' f1K h q f h /
wkh ehvw uhso| ri D lv d frqwlqxrxv wzr0sduw ixqfwlrq= x￿EK dv h{suhvvhg lq













Iljxuh 9= ehvw0uhso| ixqfwlrqv +2 	| * _	2,
Wkh wkuhvkrog ydoxh h K h{suhvvhv wkh lghd wkdw zkhqhyhu E pryhv wrzdugv
wkh plgsrlqw/ D lv sxvkhg wr wkh ohiw erughu e| wkh sulfh frpshwlwlrq hhfw1
6<Soxjjlqj e @3lqwr +76,/ wkh uhohydqw urrw ri ￿@4￿ 53h w .4 9 h w5 @3lv= h w @4 =
4<:;54<9=
69431815 V|pphwulf htxloleuld
Iurp v|pphwu|/ iru S
D 	 h |	2/ rqh rewdlqv wkh ehvw0uhso| ixqfwlrq ri E e|
vlpso| lqwhufkdqjlqj @ zlwk K= x￿E@1 Wkh iroorzlqj v|pphwulf {hg srlqw
E@cK'E x ￿EKcx￿E@
lv d Qdvk htxloleulxp1 Lw kdv ehhq fdofxodwhg lq ohppd 7=
f 	@' K ' _
2|  ￿
e 	 ￿
S iru dq| S
D 	| * _	2
Wklv Qdvk htxloleulxp qhhg qrw eh xqltxh dv lw lv vkrzq lq wkh qh{w
vxevhfwlrq1
431816 Xqltxhqhvv yhuvxv pxowlsolflw| ri htxloleuld
Ghqrwlqj x￿





























Ohppd 91 Iru e
￿ 	 |
_ 	 2/ wkh v|pphwulf lqwhulru VSH jlyhq e| ohppd 7
lv wkh xqltxh rxwfrph ri wkh orfdwlrq0wkhq0sulfh jdph1
Surri1 Vwudljkwiruzdug iurp +7:,1
Ohppd :1 Iru 2 	 |
_ 	 e
￿/ wkhuh h{lvw 6 vxejdph0shuihfw htxloleuld= wkh
v|pphwulf lqwhulru htxloleulxp dqg wkh iroorzlqj grxeoh dv|pphwulf
rxwfrph=
Efcx￿Ef ru Ex￿Efcf zkhuh f2D 	 x￿Ef ' x￿Ef 	 fee
Surri1 Iurp +7;,/ lq wkh frruglqdwhv EKc@/ x￿ lv vwhhshu wkdq +wkh uhyhuvh
ixqfwlrq ri, x￿ +vhh jxuh 9,1 Lw iroorzv wkdw x￿ fxwv wkh K0d{lv rq wkh
uljkw ri h K zkhuh wkh ehvw uhso| ri up D lv @ 'f+ e |o h p p d8 , 1W k l vl vd q
htxloleulxp1 Wkh vdph krogv iru E rq wkh @0d{lv1
Iru |
_ ' e
￿ erwk uhdfwlrq ixqfwlrqv duh olqhdu dqg frlqflgh= @ n K ' ￿
e1
6:4319 Lqwhuphgldwh fdvh &5= 4
6 	| * _	fD
Lq erwk ohppdv ehorz/ zh vkrz wkdw dq| rxwfrph ri wkh orfdwlrq0wkhq0sulfh
jdph h{klelwv rqh up dw wkh plgsrlqw1 E| v|pphwu| ri wkh vhw0xs/ dq|
htxloleulxp frh{lvwv zlwk lwv v|pphwulf/ rewdlqhg diwhu lqwhufkdqjlqj @
zlwk K1 Iru sxusrvh ri h{srvlwlrq/ zh rqo| suhvhqw htxloleuld lq zklfk E lv
wkh up vlwxdwhg dw wkh plgsrlqw1
Ohppd ;1 Ohw 2
￿  |
_ 	 fD1 Wkh xqltxh htxloleulxp rxwfrph lv rqh up
dw wkh plgsrlqw dqg lwv ulydo dw rqh hqg ri wkh olqh=
@W 'f cK W ' ￿
2
Surri1 Vwhs 41 Ohw 2
￿ 	 |
_  fD1 Ohw xv vkrz wkdw E@ 'f cK' ￿
2 lv d
Qdvk htxloleulxp1 E| yluwxh ri ohppd 5=
B￿￿
B@ E@c ￿
2 	 f / ￿|
2 n @| : _
z k l f kl vv d w l v  h gi r ud q | |
_ : 2
￿1Q h { w /z hk d y h
B￿￿
BK EfcK : f / |
_E n KE  K 	 E2  K
Vlqfh |	_ /l wl vv x ! f l h q ww rv k r zw k d w
EK'E n KE  K  E2  K' KE  K  
q
	 f
Wkh odvw h{suhvvlrq dfklhyhv d pd{lpxp ri E￿
2 	 f dw K ' ￿
21+ T 1 H 1 G 1 ,
Vwhs 51 +Xqltxhqhvv,1 Qrwlqj lq jxuh :/ wkdw surw ixqfwlrqv duh qrw
qhfhvvdulo| txdvl0frqfdyh/ ohw xv dvvxph e| frqwudglfwlrq wkdw wkhuh h{lvwv dq
lqwhulru htxloleulxp= +@/K,1 Lw lv vxfk wkdw @ ' K ' _
2|  ￿
e 	 fD +ohppd 7,1



















































Iljxuh := Ilup D*v sur￿w +E sod|v wkh v|pphwulf Qdvk orfdwlrq,
Ohppd <1 Iru ￿
￿ 	| * _ 2
￿/ wkh xqltxh VSH lv dv iroorzv
f 	@ W ' _
￿|  ￿
2 	 ￿
2 cK W ' ￿
2
Surri1 Vwhs 41 Dvvxph E@cK 9'E ￿
2c ￿
21I r u￿
￿ 	| * _	2
￿ dqg @W ' _
￿|  ￿
2/
lqhtxdolw| +49, krogv dv zhoo dv htxdwlrqv +63, wkurxjk +66,1 Soxjjlqj @W '
_
￿|  ￿
2 lqwr +66,/ rqh jhwv=
B￿￿E@Wc￿￿
BK : f / &EK'|E n K n @WE  K  @Wn_E2  K  @W : f









1 Wkhq/ ohwwlqj h _ ' _*|/ rqh fdofxodwhv
&Eh K  &Eh _'|
k
h _ED  .h _  ED  Dh _ED
2
















1I r u|*_ ' ￿
￿/r q h q g v5 'f 1I r u|*_ ' 2
￿/
5:f1W k x v /&Eh _ : f , &EK : f iru dq| K  ￿
21+ T 1 H 1 G , 1
6<Vwhs 51 Ohw K ' ￿
21 Rqh vkrzv wkdw ￿Ec ￿
2Gd f cfDo $?lv frqwlqxrxv
dqg txdvl0frqfdyh +ehoo0vkdshg iru |




Vwhs 61 +Xqltxhqhvv, Iru |*_ : fe/ zh duh lqvxuhg wkdw ghpdqgv
duh srvlwlyh dqg uhgxfhg0irup surw ixqfwlrqv duh jlyhq e| +63,0+64,1 Djdlq/
hdfk up lv lqflwhg wr uhorfdwh dw wkh plgsrlqw +wkh surri lv h{dfwo| wkh
rqh ri ohppd ;/ vwhs 5,1 Iru ￿
￿ 	| * _	fe/ dvvxph e| frqwudglfwlrq wkdw
wkhuh h{lvwv dq lqwhulru vxejdph0shuihfw htxloleulxp E@cK=z h p x v w k d y h
(￿E@cK : f +rwkhuzlvh hdfk up lv lqflwhg wr uhorfdwh dw wkh plgsrlqw,1
Iurp wkh frqwlqxlw| ri (￿ dqg e| yluwxh ri ohppd 7/ orfdwlrqv duh qhfhvvdulo|
v|pphwulf= @ ' K Frqvlghu wkhq d uhorfdwlrq ri E dw ￿
21 D vd u j x h gl qw k h
sulfh frpshwlwlrq dqdo|vlv/ ghshqglqj rq wkh uhvshfwlyh lqlwldo orfdwlrqv/ rqo|
wzr fdvhv duh srvvleoh1 Dvvxph uvw (￿E@c ￿
2 : f1 Soxjjlqj @@K lqwr +64,/
zh jhw wkh surw wr up E ehiruh uhorfdwlrq dv lq +84,1 Zh nqrz iurp
wkh suhylrxv ohppd wkdw ￿EKc ￿
2 : ￿EKcK lv htxlydohqw wr |
_ 	 fD1
dqg zh kdyh wkxv d frqwudglfwlrq1 Vhfrqg/ vxssrvh wkdw (￿E@c ￿
2'f /d i w h u












Rqh hdvlo| fkhfn wkdw ￿EKcK'|E￿
2  K :R
￿
￿EKc ￿
2 ;K 5 dfcfDd dqg
|
_ 	 2
￿/ hvwdeolvklqj djdlq d frqwudglfwlrq1 +T1H1G1,1
Vwhs 71 D qrq lqwhulru orfdwlrql1h1/ @ 'f / fdqqrw eh dq htxloleulxp
vlqfh
B￿￿
B@ EfcK : f Lqghhg/ rqh hdvlo| fkhfnv wkdw
B￿￿
B@ EfcK : f / |
_ 	 23￿K
￿3K21
Wkh UKV kdv d plqlpxp ydoxh ri 2






431: Lqwhuphgldwh fdvh &6= fD  |*_ 	 2
Lq wkh qh{w jxuh/ revhuyh wkdw iru yhu| orz K/ up D lv lqflwhg wr orfdwh dw
wkh flw| fhqwhu1 Irupdoo|/ rqh suryhv lq ohppdv ehorz wkdw wkhuh h{lvwv vrph
73Wkh surri ri wkh txdvlfrqfdylw| ri wkh sur￿w ixqfwlrq lv vlplodu wr wkh surri ri
sursrvlwlrq 4/ fdvh &6= iru 3=77 ? w
g ? 4
5/ ￿D+d> 4
5, lv srvlwlyh/ vwulfwo| frqfdyh1 Iru
3=7 ? w
g ? 3=77/ ￿D+d> 4











zkhuh 3 ? h d?d ￿1I r u 4
6 ? w
g ? 3=7/ ￿D+d> 4
5, lv frqwlqxrxv dqg pdgh ri
wzr sduwv1 Iru d 5 ^3>d‘/ d @ g
w ￿ 8
5/ ￿up D jhwv qr ghpdqg +d vdwlv￿hv sD+d> 4
5,@3 ,
zkhuhdv ￿D+d> 4





1 Djdlq/ wkh srvlwlyh sduw ri wkh ixqfwlrq lv ehoo0vkdshg1
￿D+d> 4
5, $ 3 dv d $ d1
73h K vxfk wkdw
f  K	h K , ￿E￿
2cK : ￿E@cK ;@ 5 dfcfDo
l1h1 D rswlpdoo| sod|v @ 'f D = wkh ehvw uhvsrqvh ri E lv K 'f 1L q
frqwudvw/ iru K:h K wkh vwulfwo| ghfuhdvlqj qrq0olqhdu sduw ri x￿Ef lv vwloo ydolg
durxqg wkh v|pphwulf {hg srlqw +vhh jxuh 6,1 Zh suryh ehorz wkdw wklv lv
vr iru dq| fD 	| * _	bH.D +ohppdv 43 dqg 44 ehorz,1 Wr vxp xs/
z hk d y h6V S H =e r w kd v | p p h w u l fh t x l o l e u l dd vl qo h p p d;+ h 1 j 1@ 'f cK' ￿
2,
soxv wkh lqwhulru v|pphwulf vroxwlrq174 Iru bH.D 	| * _	2/o h p p d
8k r o g v =i r uK qhdu f/ D orfdwhv lwvhoi lq wkh lqwhulru ri dfcfDo +wkh plgsrlqw
lv grplqdwhg e| wkh lqwhulru orfdo pd{lpxp/ vhh wkh qh{w jxuh iru wkh
lqwxlwlrq dqg ohppd 45 ehorz iru d irupdo surri,1 Lq wklv fdvh/ wkh iroorzlqj













Iljxuh ;= Sur￿w ri D +K 'f / |*_ ' bH.D,
Ohppd 431 Iru dq| fD 	| * _	2/ wkh v|pphwulf lqwhulru vroxwlrq
jlyhq e| ohppd 7 lv d VSH1
Surri1 Uhfdoo iurp +65, wkdw
5}?
B￿￿
B@ '5  } ? sE@cK
zkhuh sE@cK lv jlyhq e| Ht1 +77,1 Dvvxph wkdw E sod|v wkh vroxwlrq ri
wkh v|vwhp ri uvw0rughu frqglwlrqv +ohppd 7,= KW ' _
2|  ￿
e1 Rqh hdvlo| fkhfnv
74Qrwlfh wkdw lq wkh udqjh ^4=4<:;55>4=4<;6:8‘ / ￿ A 3 ^dv lq +76,‘ exw h d+e, lv qrw wkh
ehvw uhso| ri D iru e $ 3= lqghhg wkh ￿uvw0rughu frqglwlrq wkhq jlyhv d orfdo pd{lpxp
wkdw lv grplqdwhg e| d @3 =8 +vhh wkh qh{w ￿jxuh ehorz,1
74wkdw sEfDcK W : f +h1j1 |*_ ' f2,r usEfDcK W 	 f +h1j1 |*_ ' S,d q g
sEfcK W : f qhfhvvdulo|1 Vlqfh sEcKW lv vwulfwo| frqyh{ dw hyhu| @ 5 dfcfDo/
dqg/ iurp ohppd 7/ sEcK qhfhvvdulo| fxwv wkh @0d{lv/ zh lqihu wkdw wkhuh duh
wzr srvvleoh vlwxdwlrqv dv ghslfwhg lq wkh iroorzlqj jxuh1 Rqh dovr hdvlo|
fkhfnv wkdw sE@cKW lv ghfuhdvlqj dw @ ' KW/l 1 h 1 /@ ' KW lv d orfdo pd{lpxp
ri ￿EcKW1Z k h q h y h u sEfDcK W : f/ ￿EcKW lv lqfuhdvlqj qhdu @ 'f D=
krzhyhu/ uhyhuvlqj wkh lqhtxdolw| lq +83, +dqg h{fkdqjlqj D zlwk E,/ rqh
jhwv=
fD 	 |
_ 	 2 / ￿E￿
2cK W 	 ￿EKWcK W
Khqfh/ @ ' K ' _
2|  ￿








0 0,1 0,2 0,3 0,4 0,5
a
f(.,b*)
Ohppd 441 Iru fD 	| * _	bH.e.c +d/e,@Efc ￿
2 lv d VSH1
Surri1 Vwhs 41 Ohw fD 	 h | ' |*_ 	 b.H22/
B￿￿
BK EfcK : f1 Rqh jhwv=
B￿
BK
EfcK : f / h |	
2  K
E  KE n K











2 ' fe.2e.1 Qh{w/ iurp ohppd ;/
B￿￿
B@ E@c ￿
2 	 f ;h |:2
￿1W k x v
Efc ￿
2 lv d VSH1
Vwhs 51 Ohw b.H22 	 h |	bH.e.1 ￿Ecf lv qrw txdvl0frqfdyh dv
vkrzq lq jxuh ;1 Frqvlghu D dv grplqdqw dqg ohw K 'f 1 Iluvwo|/ wkhuh h{lvwv
dq lqwhulru orfdo pd{lpxp/ ghqrwhg h @Ef1 Lw lv vlpso| rewdlqhg e| soxjjlqj
K 'flqwr +75,=
h @Ef '





75{' 2fh | n S h |
2 +85,
Lw lv d orfdo pd{lpxp ri ￿Ecf175 +Qrwh wkdw ohppd 8 hvwdeolvkhv wkdw
{' 2fh | n S h |2 : f iru h |:b.H22,1 Vhfrqgo|/ ￿Ecf lv lqfuhdvlqj
qhdu @ ' ￿





eh | n ￿





Vlqfh wkh rwkhu urrw ri
B￿￿E￿cf￿
B@ 'fjlyhv d orfdo plqlpxp/ wkh vkdsh ri
￿Ecf lv qhfhvvdulo| dv lq jxuh ; deryh1 Wklugo|/ ohw xv vkrz wkdw h @Ef lv
grplqdwhg e| wkh plgsrlqw/ l1h1/ ￿Eh @cf 	 ￿E￿




h |E  K  @E n @  KnE @  K
2
vr wkdw zh fdq zulwh=
￿E@cK'X E @cK _
Ghqh dovr/
[Eh |  XEh @Efcf  XE￿
2cf G db.H22c2d $?
Fohduo|/ iru dq| jlyhq _/
￿Eh @Efcf : ￿E

2
cf / [Eh | : f +86,
Diwhu fdofxodwlrq76/ wkh xqltxh vroxwlrq ri [Eh |'flv= h | ' bH.eSb1
Vlqfh [Eh | lv frqwlqxrxv/ vwulfwo| lqfuhdvlqj/ zh frqfoxgh wkdw ￿Eh @cf 	
￿E￿
2cf ;h | 5 db.H22cbH.eSbd1
Wkh qh{w ohppd iroorzv lpphgldwho|=
75Surri= i+3>3, @ ￿w .5 gA3 dqg i+h d>3, lv ghfuhdvlqj dw h d vlqfh/ xvlqj +84,=
￿





h w ￿ 5
￿
? 3 ;4=4<:;5 ? h w? 4=51
76￿+h w,@￿ + 4.5h w￿
s
￿
9w >3, ￿ ￿+4
5>3, @ 4
5:












76Ohppd 451 Ohw bH 	 h |	21 Dv lq ohppd :/ wkh iroorzlqj frqjxud0
wlrq lv d VSH=
x￿Ef ' h @Ef/ K 'f
Surri1 Vwudljkwiruzdug= iurp +86,/ ￿Eh @cf : ￿E￿
2cf1
Wkh iroorzlqj jxuh sorwv wkh htxloleulxp ydoxhv ri orfdwlrqv dqg ghpdqg
wr D dv d ixqfwlrq ri wkh uhodwlyh wudqvsruwdwlrq frvw1 Iru |
_ 5 dfDco/
rqh kdv vhohfwhg wkh dv|pphwulf htxloleulxp dv dujxhg lq vhfwlrq 71
431; Surri ri sursrvlwlrq 9
Iurp +44, dqg +46,/ rqh rewdlqv =
` '  nE 
_
e
















^vhh dovr Pdl dqg Shqj/ s1 79</ uvw idfwru lq Ht1 +<,`1 Orrnlqj dw v|pphwulf
htxloleuld lq sulfhv +R￿ ' R￿,77/ rqh jhwv= (￿ ' ￿3Kn@
2 1 Vxevwlwxwlqj wkh










Rqh vkrzv wkdw B‘
BK lv vlpso| rewdlqhg e| lqwhufkdqjlqj @ zlwk K1L w
iroorzv wkdw wkh vrfldoo|0rswlpdo sdwwhuq ri orfdwlrqv lv qhfhvvdulo| v|pphwulf
vr wkdw/ diwhu vrph pdqlsxodwlrq/ wkh uvw0rughu frqglwlrq fdq eh zulwwhq dv
iroorzv=
B‘
B@ '  |
eEe@   n _
2 'f
77Rqh fdq lpdjlqh wkdw ￿upv duh irufhg wr sulfh dw pdujlqdo frvw1 Dowhuqdwlyho|/ rqh
fdq dovr vxssrvh wkdw wkh vrfldo sodqqhu lv frqfhuqhg zlwk htxlw|= wkh ￿uvw kdoi ri wkh
srsxodwlrq +rq wkh ohiw ri wkh plgsrlqw, dqg wkh vhfrqg kdoi ri wkh uhvlghqwv vkrxog jhw
wkh vdph dyhudjh frqvxphu vxusoxv1
77Iru _ 'f / rqh jhwv wkh uhvxow ri wkh qr0dphqlw| prgho +@ ' K ' ￿
e,1
Qh{w/ rqh fkhfnv wkdw iru |
_ 	 2/ B‘
B@ c B‘
BK : f , e @ ' e K ' ￿
21I r u |
_ : 2/
vrfldoo| rswlpdo v|pphwulf orfdwlrqv duh rewdlqhg e| htxdolqj wkh odvw sduwldo
ghulydwlyh wr }hur= e @ 'e K ' _
2| n ￿


























Iljxuh <= Uhvshfwlyh orfdwlrqv dqg ghpdqg wr D lq htxloleulxp
78